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Mathematics is concerned exclusively

with the enumeration and comparison of relations.

Carl Friedrich Gauss



PREFACE

There is a quiet belief, rarely questioned, that pervades the way we learn mathematics
from an early age: the belief that numbers are static, isolated entities, fully known —
and that any mystery, when it exists at all, must lie somewhere distant, sophisticated,

and inaccessible.
This book is born from the opposite suspicion.

It starts from the idea that the mystery is not in the numbers, but in the way

we look at them.

For decades — in some cases, for centuries — mathematicians and physicists have
examined numerical sequences using extremely refined instruments: deep theorems,
asymptotic techniques, powerful conjectures. And yet, certain collective behaviours
have remained invisible. Not due to a lack of intelligence or rigour, but for a sim-
pler and more unsettling reason: the ruler of observation was not suited to the

phenomenon.

This book is about that. About what happens when we change the way we observe.

CHAOS IS NOT THE ABSENCE OF ORDER

The word chaos is often associated with disorder, noise, or a lack of structure. In
modern science, however, chaos has a more precise meaning: a deterministic system

whose global behaviour is not immediately evident from its local rules.
In other words, chaos does not deny order. It conceals it.

Throughout these pages, we do not attempt to “tame” chaos, nor to impose regularity
where none exists. What we do is more modest — and, for that very reason, more

revealing: we change the point of view.

ii
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We do not add randomness.
We do not tune parameters to obtain appealing plots.

We do not introduce external hypotheses.

Everything that appears here emerges from elementary arithmetic structures, ob-

served in different ways.

THE CENTRAL IDEA: OBSERVING MEANS CHOOSING A SCALE

One of the most important ideas in this book can be stated simply:
The way we observe a system determines which structures become visible.

In arithmetic, we are accustomed to observing numbers on linear scales:

1,2,3,4,5,6,...

This choice appears natural — almost inevitable. But it is not neutral.

When we change the scale of observation, certain patterns disappear, while others
emerge with surprising clarity. Not because the system has changed, but because the

observer has.

This book explores precisely this shift: what arises when we abandon the standard

ruler and begin to observe numbers on scales closer to their internal structure.

WHAT THIS BOOK DOES — AND WHAT IT DOES NOT DO

Clarity is essential.

This book does not propose a new theory of numbers. It does not introduce
conjectures to be proved. It does not replace formal textbooks in mathematics or

mathematical physics.

It is a preparation of the gaze. A prelude to recognising that arithmetic possesses

an integrity independent of us.
What it does is different.

Here you will find:
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« simple constructions, step by step;

reproducible numerical experiments;

clear visualisations;

. and, above all, observations.

This is a book of listening, not of imposition. Nothing is asserted before it is seen.

When we speak of “order”, we refer to something that emerges, not something

that is forced into place.

WHO THIS BOOK IS FOR

This book was written for curious readers, not for isolated specialists.

It is accessible to:

« secondary-school students with a genuine interest in mathematics or physics;
« undergraduates who wish to see beyond formulae;

« teachers seeking new ways to present deep concepts;

readers who enjoyed books such as The Music of the Primes and wish to go a
little further.

No prior knowledge of chaos theory, random matrices, or advanced statistics is

required at the outset. These ideas appear when they become necessary, not before.

AN INVITATION, NOT A CONCLUSION

This book does not aim to close debates. It aims to open them.

As you read, you will encounter patterns that were not where we expected them to
be. You will see chaos lose its opacity and order appear without announcement. And

perhaps you will notice something even more fundamental:

mathematics does not change — the observer does.
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If you finish the book with more questions than answers, it has fulfilled its role.

Because discovering chaos in numbers is not about finding disorder. It is about

learning where — and how — order chooses to reveal itself.

AN AGREEMENT WITH THE READER

This is not a book meant only to be read.

It was conceived as an experiential book. The ideas presented here do not ask for
acceptance; they ask for verification. For this reason, the reader is invited — and, in a

sense, required — to execute the experiments described throughout the text.
Nothing needs to be installed. No proprietary software is required.

All code associated with the book can be executed directly in Google Colab, in an
environment already configured for this purpose. One simply opens the indicated

notebook and runs the cells, in the proposed order.
This gesture is part of the content.

Without execution, the book remains incomplete. With it, the statements cease to

be narrative and become observable records.

WHY THIS IS ESSENTIAL

The central phenomenon discussed in this book does not reveal itself through rhetorical

argument, nor through isolated symbolic manipulation. It manifests when:

an arithmetic signal is constructed;

an operator is applied;

the scale of observation is changed;

« and the resulting spectrum is actually computed.

These steps are not illustrative. They are the experiment.

Running the code is not a technical appendix — it is the method of reading itself.
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How TO READ THIS BOOK
The recommended approach is straightforward:

1. read the conceptual section;

2. open the corresponding notebook;
3. execute;

4. observe;

5. only then proceed.

The time invested in this practice is not a diversion from the text. It is the path

through which the text becomes complete.

THE COMMITMENT

This book assumes that the reader accepts a minimal commitment:
not to trust what is said without seeing what happens.

If this agreement seems excessive, this may not be the right book — and that is

perfectly fine.

But if you accept the idea that understanding sometimes requires execution, then

this book was written precisely for you.

The ruler is on the table.
The system is silent.

Let us begin.



NOTE TO THE READER

This text is neither a scientific article nor a formal treatise in the classical sense.

It is the record of a structural discovery: the observation that the arithmetic of
prime numbers, when examined under a geometrically appropriate scale, exhibits,
under explicitly controlled conditions, stable spectral regimes compatible with
Random Matrix Theory (RMT) statistics, without implying global universality

beyond those regimes.

The focus of this work is not the global validity of RMT statistics across arbitrary

spectra, but the emergence of statistical regimes under controlled structural alignment.

The reader is not invited to accept conclusions by authority, but to reproduce,

observe, and decide.
The path is experimental, not rhetorical.

Nothing here requires belief. Everything requires attention.

viii



EDITORIAL NOTE ON THE COMPUTATIONAL

RECORDS

The computational records presented throughout this book — in particular the execut-
able notebooks accompanying the Technical Appendix — should not be interpreted

as supplementary material, illustrative examples, or didactic appendices.
They fulfil a precise editorial and epistemological function.

The body of the book establishes a complete mathematical, conceptual, and opera-
tional structure. The notebooks do not extend this structure, introduce new arguments,
or compensate for theoretical gaps. Their function is distinct: to demonstrate ex-

ecutability.

In clear terms:

« the argument is developed entirely within the text;
- validity does not rest on the authority of the author;

« verification rests on the possibility of independent execution.

The computational records exist so that the reader may repeat, alter, perturb,
and verify the procedures described, using neutral and public environments, without

reliance on privileged infrastructure, institutional credentials, or prior trust.
They are not “attached data”. They are operational traces.

These traces fix an objective criterion:

« if the structure presented is correct, it remains stable under direct execution;

« if it is not, no theoretical formulation can sustain it.

X



Editorial Note on the Computational Records X

For this reason, the notebooks are not cited as external evidence, nor as subsequent
validation. They function as instruments of audit, placed at the reader’s disposal

only after the conceptual path has been completed.

The book ends when the measuring rod has been set. The computational records

exist solely so that any reader may verify, for themselves, that it does not move.
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1. THE ONE

Before two, there was no number.
There was only the One — indivisible, silent, and sufficient.

— Fragment attributed to the Pythagorean school

Before any number, there is a gesture.

Counting is not an abstract operation. It is a concrete cognitive act: the repetition of
something that already exists. Everything we call a number is born from the repetition

of a single entity — the One.

When we write the sequence of natural numbers,

1,2,3,4,--

what we are actually doing is repeating the One at equal intervals. Two is the first
explicit repetition of the One. Three is three “ones”. Four is the same gesture reiterated

once more.

In this sense, the One is not merely the first element of the sequence. It is what
makes the sequence possible. Without the One, there is no counting. Without counting,

there is no arithmetic.

This idea — ancient and almost forgotten — was central to Pythagorean thought.
The Monad was not regarded as a number among others, but as the silent principle

from which all others emerge.

This book begins precisely there.
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COUNTING IS REPETITION

When we begin to count, we do not ask sophisticated questions. We simply advance:

1 >2 >3 >4 —>--

This advance appears trivial, but it carries an implicit decision: all steps are treated
as equivalent. Each added unit is identical to the previous one. This regularity creates

the illusion that the entire sequence is homogeneous.
It is not.

Even on a line constructed solely by repeating the One, internal differences arise.
Some entities resist decomposition. Others exist only as combinations of the first. It is

these differences that will later give rise to the structure we intend to observe.
But this is not yet the moment to speak of that.

Before distinguishing, one must look.

THE FIRST FOLD

Consider the number line from 1 up to some value x. Now perform something

extremely simple: fold this line in half, at the point x/2.

This operation requires no technical knowledge. It merely divides the observed
interval into two halves: the first half, from 1 to x/2; and the second half, from x/2 to

X.

This fold — seemingly naive — reveals something important when we observe the

prime numbers.

Primes that appear in the first half of the interval are still capable of generating
new composite numbers within the full interval. Their multiples continue to “act” on

the observed line. They structure.

Primes that appear in the second half can no longer do this. Any multiple of them
exceeds the bound x. They generate no new composites there. They merely occupy

positions that remain unfilled. They stabilise.

This separation is not artificial. It arises automatically from the fold itself. No
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imposition. No tuning.

TwO ROLES, ONE ORIGIN
From this simple gesture onward, primes begin to play two complementary roles:

« Structuring primes: those in the first half, which actively participate in the

construction of composites;

« Stabilising primes: those in the second half, which merely fill remaining gaps.

Both arise from the same process: the repetition of the One. Neither is special in

itself. What changes is where they are when we observe them.

This distinction does not depend on advanced theory. It depends solely on relative

position once a point of observation is chosen.

What matters here is not absolute value, but relation.

THE MINIMAL EXPERIMENT

At this point, the book asks the reader for a single gesture: execute the first notebook

(01_the_one. ipynb).
S0 Open in Colab

Nothing needs to be understood in advance. Simply run it.

When visualising the primes up to some value N, coloured according to their role
relative to the fold at N /2, something becomes evident: the structure persists as the

scale changes.
Increase N. Fold again. Observe.
The patterns do not vanish. They reproduce themselves in a stable manner.

Nothing new is added to the system. Information from the first half is reflected
into the second through the structure of composite numbers. The system does not

import order from outside. It organises itself from what is already there.


https://colab.research.google.com/github/costaalv/discovering-chaos/blob/main/notebooks/01_the_one.ipynb
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WHAT 1S NOT HAPPENING HERE

It is important to state explicitly what this chapter does not do.

Here there are no:

« probabilistic hypotheses;

statistical models;

asymptotic approximations;

rhetorical arguments.

There is no chaos. No emergent order. No spectrum.
Not yet.

All that has been done is to count, fold, and observe.

A NECESSARY SILENCE

The role of the One, up to this point, is curious.

It supports the entire construction, yet does not directly participate in the relations
that begin to emerge. When we look at connections, structures, and roles, the One

appears to disappear. It does not connect. It does not structure. It does not stabilise.
And yet, none of this would exist without it.
This paradox will not be resolved here. It will simply be respected.

The One does not enter the relation. It sustains it.

CLOSING THE FIRST GESTURE

This chapter concludes nothing. It merely places the ruler on the table.

In the chapters that follow, we will turn this qualitative observation into an explicit
signal. We will measure the imbalance between the two roles. We will construct an

operator. We will change the scale again.



1. The One

But everything that follows depends on this initial, simple, and silent gesture:
repeat the One, fold the line, and look attentively.

Before any chaos, there is only this.



PoiNT OF REST

The act of folding separates the functional roles of the primes in an unequivocal way.
Below x/2, primes generate multiplicity and compose the structural mesh of
composite numbers. Above this threshold, they occupy the line without producing

new links, stabilising the system.

The arithmetic system does not organise itself as a succession of isolated points, but
as a tension between structure and balance. The point x/2 marks the functional
boundary at which the generation of multiplicity ceases, without any loss of

coherence of the line.

The Unit remains as an anchor. It allows this fold to be observed without

fragmentation, fixing the system within the interval [1, x] as a coherent whole.



2. THE PULSE OF THE PRIMES

Harmony consists in a mixture of opposites.

— Heraclitus

FROM THE FOLD TO MEASUREMENT

In the previous chapter, we performed a single, simple gesture: folding the number

line at the point x /2. Nothing more.

This apparently elementary act revealed something decisive. When the observed
interval is divided into two halves, prime numbers begin to play distinct roles, not
because of their intrinsic nature, but because of their relative position with respect

to the point of observation.

In the first half, primes still actively participate in the formation of composite

numbers. In the second half, they no longer do.

This distinction was not imposed by any theory. It emerged directly from counting

and folding.
The next natural step is not to interpret this difference, but to measure it.

If two complementary roles act simultaneously, it is legitimate to ask which one

predominates at each stage of observation.

STRUCTURE AND STABILISATION

Let us call structuring primes those that lie in the first half of the observed interval.

Because they are in [1, x/2], their multiples still fall within [1, x], and it is through

7



2. The Pulse of the Primes 8

them that composite numbers are formed.

Let us call stabilising primes those that lie in the second half, in (x/2, x]. These
primes no longer generate new composites within the observed interval. They occupy

positions not filled by the action of the structuring primes.
These two roles are not fixed identities. They are transient functions.

As the interval grows, a prime that stabilises today will, at a later stage, become a
structuring prime. The sequence of primes is not static. It carries an internal dynamic

of functional redistribution.

It is this dynamic — not the isolated existence of primes — that begins to reveal the

system’s complexity.

A CONTRAST FUNCTIONAL

To observe this dynamic, we require a simple, direct, and purely arithmetical instru-

ment.

We define the function 7(x) as the exact count of primes less than or equal to x.
Using it, we can quantify:
« the number of structuring primes: 7 (|x/2]);

« the number of stabilising primes: 7(x) — 7 (|x/2]).

The difference between these two quantities defines a natural contrast functional:

Br(x) = 7(x) — 2 7(15 ).

This functional does not predict, adjust, or smooth. It simply measures, at each

value of x, which of the two roles predominates.

When A, (x) is positive, stabilisation outweighs structure. When it is negative,

structuring capacity dominates. When it vanishes, there is a momentary balance.

Nothing beyond this is claimed here.
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THE PULSE

When A, (x) is computed along the number line, something unexpected occurs.
Its value neither grows smoothly nor decays monotonically. It oscillates.

These oscillations are not random. They follow an irregular yet persistent pattern
that repeats as the scale increases. After the initial values, a clear predominance of
the negative phase becomes visible — a signal that, on average, structure outweighs

stabilisation.

This negative predominance is the arithmetical record of a familiar fact: primes
become sparser as we advance. The first half of the interval always accumulates more

structuring potential than the second half can counterbalance.

This behaviour can be described as an observational pulse: a measurable alterna-
tion between two complementary forces, derived exclusively from the exact counting

of primes.

There is no statistics, no spectrum, and no chaos here in the technical sense. There

is only a discrete signal, obtained without approximation.

THE VISUAL RECORD

At this point, abstraction must give way to visual evidence.

Notebook 02 (02_pi_and_delta_pi.ipynb) was designed for this purpose.

When you execute it, the graph of A, (x) appears. Observe the nature of the signal:
it is a discrete, step-like signal — dry and uncompromising. Observe how the blue
forces (structure) and the orange forces (stabilisation) compete for dominance along

the number line.

There are no smooth curves here. What you see is the raw record of each new
prime entering the system and altering the balance between structuring and stabilising

roles.

Increase the interval. Notice how the oscillations acquire a kind of “texture”. What

initially appears as a counting artefact reveals itself as a persistent alternation.


https://colab.research.google.com/github/costaalv/discovering-chaos/blob/main/notebooks/02_pi_and_delta_pi.ipynb
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This is the signal we call the pulse.

THE ROLE OF THE ONE

It is impossible not to notice a curious aspect of this construction.

The value 1 sustains the entire sequence, yet it does not participate directly in any

of the relations measured by A, (x). It neither structures nor stabilises.

The One acts as the phase reference of the system. It is the neutral element that
makes the fold possible, but it is only from 2 onwards that functional asymmetry

(structuring versus stabilising) becomes observable.

The first effective relation emerges with 2. With it, duplication begins. From it

onwards, the fold produces observable effects.

The gaps created by the fold are measured in units of 1, but only numbers greater

than 1 occupy structural positions within the system.

This fact is not interpreted here. It is merely recorded.

A SIGNAL, NOT A THEORY

Methodological discipline is essential.

Up to this point:

no probabilistic hypotheses have been formulated;

no statistical models have been introduced;

no asymptotic limits have been invoked;

« no spectral interpretation has been performed.

We have constructed a simple functional and observed its behaviour.

What appears is not noise. It is a deterministic signal, born from the most elementary

rule of arithmetic: the repetition of the One.
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PREPARATION FOR THE NEXT STEP

This chapter concludes the phase of direct measurement.

In the following chapters, this signal will be:

« visualised in a continuous form;
« projected into symmetric operators;

« examined under different regimes of observation.

Nothing new will be added to the system. Only the manner of observation will

change.

Everything that follows — including any spectral reading — depends on this initial,

silent, unavoidable pulse, which arises when we fold the line and count with care.



PoiNT OF REST

The arithmetical function A,(x) = 7(x) — 2 7(x/2) does not describe a distribution,
but a functional imbalance. It renders visible the alternation between two

complementary roles exercised by the primes along the observed interval.

Primes do not act homogeneously. In certain regimes, they structure the mesh of
composite numbers; in others, they stabilise the density of the line. From this
alternation a pulse emerges — not as noise, but as the expression of an internal

dynamic.

The system is therefore not static. It redistributes functions without loss of coherence,
and it is this redistribution — not isolated values — that sustains the observed

structure.



3. THE SEARCH FOR BALANCE

Symmetry, as wide or as narrow as you may define its meaning,
is one idea by which man through the ages has tried to comprehend
and create order, beauty, and perfection.

— Hermann Weyl

THE PARADOX OF THE GROWING DEBT

In the previous chapter, we observed the pulse of the system, A,(x). We saw that,
after a brief initial phase of euphoria (positive values), the curve plunges into a region

of negative values — and that this region appears to deepen as x increases.

At first glance, this seems paradoxical. If the absolute difference between Structur-
ing primes (r5) and Stabilising primes (7y) grows without bound, would the system
not become increasingly unbalanced? Would the “debt” of the stabilising primes

never be repaid?

This impression is only partial. The apparent imbalance is an effect of scale, not

of rupture.

THE PROPER PERSPECTIVE: RELATIVE HARMONY

To understand systems that grow without bound, it is not enough to observe absolute

differences. One must adopt a relative perspective.

Recall that the total number of primes is the sum of the two forces:

13
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m(x) = ms(x) + n(x)

Dividing both sides by 7(x), we obtain a simple yet profound identity, which we

call the Conservation Identity for the Primes:

ms(x)  mn(x)

O

This equation tells us that, although the absolute counts vary, the fractions of

1

Structuring and Stabilising primes always sum exactly to one. They are two faces

of the same dynamic balance.

The Prime Number Theorem guarantees that, as x — oo, both fractions converge
to the same value: 1/2. Structure and stability become statistically equivalent in terms

of density.

Revisiting our measure of tension, A,(x), we may rewrite it in normalised form:

M) _ () o)
m(x) 7(x) m(x)

If each term tends to 1/2, their difference tends to zero. The “debt” between the

two forces may grow in absolute terms, but relative to the whole, it dissolves.

Seen through the lens of proportion, the system moves inexorably towards balance.

INTERACTIVE LABORATORY: CONVERGENCE

Notebook 03 (03_search_balance. ipynb) documents this transition experiment-

ally.
0 Openin Colab

When executed, the reader will observe two simultaneous phenomena:

« The Attraction of Symmetry: the density curves of Structuring and Stabilising

primes approach the critical line at 1/2;

- Damping: the relative oscillation, intense at small values, loses amplitude and

converges towards zero.


https://colab.research.google.com/github/costaalv/discovering-chaos/blob/main/notebooks/03_search_balance.ipynb
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A QUANTUM SYSTEM IN DISGUISE?

The oscillations of A,(x)/m(x) resemble the behaviour of a quantum system relaxing
towards equilibrium. The two forces — Structuring and Stabilising — behave like states

of a two-level system, exchanging dominance until symmetry is restored.

The logarithmic scale plays a role analogous to an internal parameter of evolution,

in which initial disorder gives way to ordered spectral regime.

Viewed through this lens, the number line is not static. It is an oscillatory field

whose final harmony emerges precisely from the conflict that generated it.

What appeared to be an infinite mismatch reveals itself, in the end, as a harmony that

grows with scale. The initial chaos is not an error — it is the cost of expansion.
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The tension A,(x) is not an absolute quantity. It acquires meaning only when
observed in relation to the total mass of primes, (x), which defines the natural scale

of the system.

When read in this normalised form, the internal dynamic reveals an unambiguous
behaviour: functional redistribution does not diverge, but converges towards a stable

regime, in which the structuring and stabilising roles occupy symmetric proportions.

Balance here is not the absence of motion, but the regime towards which motion

converges.



4. THE HARMONIC SPECTROMETER

Structure reveals itself when
we choose the correct representation.

— Hermann Weyl

FROM SIGNAL TO STRUCTURE

In the previous chapters, we identified a central object: the arithmetic signal A,(x).

Point by point, it measures the imbalance between two functional roles of the
primes — structuring and stabilising — as observed in Chapter 2 along the number

line. This signal exhibits a persistent oscillatory behaviour, which we called the pulse.

However, there is an intrinsic limitation to what a one-dimensional signal can

reveal.

A pulse indicates that something happens. It does not describe the full shape of
what happens.

If we wish to understand internal correlations and global patterns, we must abandon
a purely sequential reading and project the signal into a structure where interference

can ocCcur.

In mathematical terms: a one-dimensional signal can be measured; a structure

requires projection.

This change of regime marks the beginning of this part of the book.

17
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THE NEED FOR AN OPERATOR

Eigenvalues, collective modes, and spectral regularities do not belong to isolated

functions. They belong to operators.

To extract structural information from the pulse A,(x), it is not sufficient to smooth
it, accumulate it, or rescale it. The signal must be placed into interaction with itself —
we must construct a two-dimensional object capable of registering cross-correlations

between different points on the number line.
That object will be a matrix.

Not a statistical matrix, nor a random one, but a deterministic operator constructed

exclusively from:
+ exact prime counting;
« an explicit change of scale;
« structural symmetrisation.

What we seek is not prediction, but observability.

DEFINITION OF THE HARMONIC OPERATOR

We define the operator M by its elements:

M;; = cos(Aﬂ(xi) ln(xj)) + cos(A,[(xj) ln(xl-)).

Each term in this expression has a precise role:

A, (x) provides the arithmetic signal;

In(x) adjusts the observational scale;

« the cosine converts the product into harmonic phase;

the sum enforces explicit symmetry.

Nothing is tuned, filtered, or normalised at this stage beyond what is structurally

required.

The operator is defined, not calibrated.



4. The Harmonic Spectrometer 19

THE PROPER SCALE

Prime numbers are inherently multiplicative entities. Their density decays according

to a logarithmic law, as established by the Prime Number Theorem.

Observing arithmetic on a linear scale is convenient, but it is not neutral. The linear

scale distorts relations that are naturally multiplicative.

The use of the logarithm is not an aesthetic choice. It is a requirement of structural

compatibility.

The factor In(x) acts as a lens: it re-expresses the number line on a scale where the
internal relations of the primes become comparable and stable across the observed

domain.

Without this lens, the operator loses coherence. With it, the operator becomes

stably observable.

THE HARMONIC KERNEL

The cosine plays a dual role.

First, it transforms the product A,(x) In(x) into a bounded oscillation, translating

arithmetic tension into phase.

Second, being an even function, it removes the distinction between opposite signs.

The operator does not measure direction — it measures intensity of correlation.
Positive and negative values contribute equally.

The aim here is not to track local fluctuations, but to enable the observation of

global patterns.

SYMMETRY AND OBSERVABILITY

The operator is constructed to be explicitly symmetric:

Mij = M]l

This choice is not technical, but conceptual.
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In mathematics, symmetric operators possess a fundamental property: all of their

eigenvalues are real.

This condition ensures that the spectrum of the operator lies entirely on the real

line, making it suitable for rigorous spectral analysis.

We are therefore constructing an arithmetic operator whose spectral structure can

be investigated in a mathematically controlled way.

The operator M is not fed by a normalised version of A,, but by the absolute signal

of its accumulated divergence.

It is the discrete steps of 7(x) — 27(x/2), as global arithmetic events, that generate

spectral coherence under projection.

The emerging statistics do not arise from relative fluctuations, but from the discon-

tinuous geometry of prime counting.

Nothing more is claimed.

THE VISUAL LABORATORY

Notebook 04 (04_operator_M. ipynb) implements the operator M directly and

allows its structure to be visualised as a heat map, for different initial scales X,.
S0 Open in Colab

When executing it, observe carefully:

« At small scales, the operator appears irregular, fragmented, and noisy.
« As X increases, geometric patterns begin to emerge.
« The initial fragmented appearance gives way to visually organised regions.

No additional transformation is applied. The only variable is scale.

The visualisation proves nothing. It merely indicates that a non-trivial organisation

is present.


https://colab.research.google.com/github/costaalv/discovering-chaos/blob/main/notebooks/04_operator_M.ipynb
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DELIMITATION OF SCOPE

In this chapter, we performed a fundamental transition:

« from signal to operator;
« from sequence to geometry;

« from counting to structure.

The spectrometer has been built.

In the following chapters, we will abandon visual inspection and apply formal
tools of spectral analysis — eigenvalues, level spacings, and eigenmodes — to quantify

spectral regularities, if present.

Nothing will be added to the system.
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Up to this point, only what is essential has been established. A deterministic operator
has been constructed directly from the arithmetic signal A, (x), without statistical

assumptions or spectral hypotheses.

No analysis has yet been performed. Only the geometric structure of the operator has

been exposed to observation.

The spectrometer is defined.

The analysis has not yet begun.



5. THE MECHANICS OF THE SPECTRUM

Eigenvalues are not properties of numbers,
but of operators.

— John von Neumann

OPERATIONAL RECAP

In the previous chapters, a deterministic operator M was constructed from the arith-

metic signal A, (x) and an explicit change to logarithmic scale.

This operator was introduced as a geometric and visual object, without any

spectral analysis.

The purpose of this chapter is to formally describe the basic elements of spectral

analysis as applied to the operator M, within a fully controlled regime.

Nothing new will be introduced. Only the necessary tools will be defined.

A FINITE AND CONTROLLED DOMAIN

Before moving to large scales, it is instructive to work within a small domain, where

all objects can be directly inspected.

In this chapter, we fix:

N =32,

and consider the discrete domain x € 1,2, ---, 32.

23
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This choice has no theoretical significance. It merely allows all components of the

operator to be explicitly computed and examined.

PREPARATION OF THE INPUT DATA

Notebook 05 (05_spectral_mechanics.ipynb) begins by generating, for each
x < 32:

« the value of the arithmetic signal A,(x);

« the corresponding value of In(x).

0 Open in Colab

These data constitute the only inputs to the operator. No filtering, smoothing, or

additional normalisation is applied.

EXPLICIT CONSTRUCTION OF THE OPERATOR

With the vectors A,(x) and In(x) defined, the operator M is constructed directly via

the formula:

M;; = COS(A”(XI-) ln(xj)) + cos(A,T(xj) ln(xi)).

For N = 32, this yields a real, symmetric matrix of dimension 32 x 32.

The heatmap shown in Notebook 05 allows the internal organisation of the oper-

ator to be visualised within this finite regime.

No interpretation is attached to this visualisation. It merely confirms that the

operator is well defined and structurally non-trivial.

EIGENVALUES AND EIGENVECTORS: MINIMAL DEFINITIONS

Let M be a real symmetric matrix.


https://colab.research.google.com/github/costaalv/discovering-chaos/blob/main/notebooks/05_spectral_mechanics.ipynb
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A real number 1 is called an eigenvalue of M if there exists a non-zero vector v
such that:

Mv = Av.

The corresponding vector v is called an eigenvector.

These objects are not introduced as physical analogies. They constitute the canon-

ical decomposition of symmetric operators in real vector spaces.

THE SPECTRUM OF THE OPERATOR IN FINITE DIMENSION

Notebook 05 explicitly computes:

« the complete set of eigenvalues of M;

« the associated eigenvectors.

For N *= 32, the spectrum is discrete and finite. All eigenvalues are real, as

guaranteed by the symmetry of the operator.

Ordering these eigenvalues and inspecting the eigenvectors makes it possible to

verify that:

« the operator admits a complete spectral basis;

« different spectral modes correspond to distinct patterns of distribution across

the indices i.

At this stage, no statistics are computed. No regularity is postulated.

LIMITS OF THE FINITE REGIME
The analysis at N = 32 is not intended to reveal universal laws. Its purpose is to:

« fix definitions;

« validate the construction of the operator;
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« establish the spectral vocabulary to be used later.

The behaviour of interest does not fully manifest at such small scales.

To observe it, we will need to study:

« how the spectrum varies with the size of the domain;

+ how it depends on the initial scale Xj.

SCOPE DELIMITATION

In this chapter:

the operator M was explicitly diagonalised;

eigenvalues and eigenvectors were defined and computed;

no spectral statistics were analysed;

« no universal hypothesis was formulated.

The operator remains unchanged. Only the regime of observation will change.
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Up to this point, spectral analysis has been introduced in its formal sense. The

operator has been examined in finite dimension. All necessary tools are now defined.

In the next chapter, these tools will be applied systematically to growing domains,

allowing us to observe how the operator’s spectrum responds to changes of scale.

Nothing will be assumed. Everything will be measured.



6. SPECTRAL STATISTICS AND SCALE RE-

GIMES

The relevant information is not in the levels,
but in the intervals between them.

— Freeman Dyson

OPERATIONAL INTRODUCTION

In the previous chapters, a deterministic operator M was constructed and its spectral

decomposition was introduced in finite regimes.

In this chapter, the focus shifts from the individual values of the eigenvalues to the

statistical relations between them.

The goal is to define and apply measures that allow one to characterise the collective
behaviour of the spectrum of the operator M as the domain is enlarged and as the
initial scale X, — which enters explicitly into the definition of the operator — is shifted

along the number line.

No hypothesis of universality is assumed. The tools are introduced prior to any

interpretation.

FROM A DISCRETE SPECTRUM TO THE STATISTICAL REGIME

In finite dimension, the spectrum of M consists of a discrete and ordered set of real

eigenvalues:

28
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M<A << A,

As N increases, it becomes natural to investigate not only the absolute values of

these eigenvalues, but also the statistical structure of the spacings between them.

These relations are sensitive to internal correlations of the operator and constitute

the central object of the analysis that follows.

NORMALISED SPACINGS

We define the consecutive spacings:

$i = Aiv1 — Ai.

To allow comparison across different scales and matrix sizes, the spacings are

normalised by the local mean spacing:

The empirical distribution of these values provides a first statistical characterisation

of the spectrum.

At this stage, no theoretical form is postulated.

THE SPACING DISTRIBUTION P(s)

The function P(s) is defined as the histogram of the normalised spacings §;.

It describes the relative frequency of different separations between consecutive
eigenvalues and allows one to distinguish between regimes with or without significant

spectral correlations.

Notebook 06 (06_scale_regimes_and_spectral_statistics.ipynb)com-

putes P(s) for different values of N and Xj, while keeping the operator fixed.

O Open in Colab


https://colab.research.google.com/github/costaalv/discovering-chaos/blob/main/notebooks/06_scale_regimes_and_spectral_statistics.ipynb
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The observed distribution will be analysed only in a comparative manner in the

subsequent chapters.

RATIO OF ADJACENT SPACINGS

To reduce dependence on explicit rescaling, we introduce the ratio of adjacent spacings:

_ min(s;, $;+1)
- -, -
max(s;, Si+1)

This quantity is bounded in the interval [0, 1] and allows one to define a simple

scalar statistic given by:

=
<”>:—N_2;ri,

where the sum is taken over indices i in the spectral bulk.

The mean value (r) provides a compact indicator of the degree of correlation

between consecutive eigenvalues.

In this chapter, this statistic is introduced solely as a conceptual tool.

NUMBER VARIANCE >%(L)

A third statistical measure considers fluctuations in the number of eigenvalues con-

tained within intervals of length L.

We define ?(L) as the variance of the number of eigenvalues contained in spectral

windows of length L, after appropriate normalisation.

This measure provides complementary information about the global rigidity of the

spectrum.

Notebook 06 implements only the calculation of *P(s)* for a structural scale and a
contrast observation. The statistics (r) and >?(L) are introduced here as conceptual

tools. Their operational implementation will be carried out in later notebooks.
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SCALE REGIMES AND EXPERIMENTAL PROTOCOL

All the statistics introduced depend on two fundamental parameters:

« the size of the operator, N;

o the initial observation scale, Xj.

In this chapter, the statistical tools are applied systematically to investigate how

the spectrum of M responds to variations in these parameters.

No interpretation is attached to the results at this point. The focus remains on

defining the protocol and ensuring the consistency of the measurements.

It is emphasised that any statistical regularities that may be observed are not
attributed to intrinsic properties of the arithmetic sequence itself, but to the operator

constructed from it.

DELIMITATION OF SCOPE

In this chapter:

fundamental spectral statistics were introduced;

« the measures were applied to the operator M;

the dependence on N and X, was made explicit;

« no universal class was named;

no physical explanation was proposed.

The observations remain strictly descriptive. What has been constructed so far is

not an interpretation of the spectrum, but a vocabulary with which to describe it.
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Up to this point, the operator has been constructed and its spectral decomposition has
been formally defined. The relevant statistical measures have been introduced, but

the experimental protocol is not yet complete.

The minimal set of tools required to confront the observed behaviour with known

spectral classes is now in place.

The reading and interpretation of these results will be addressed separately, only after

the systematic execution of the measurements.
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Mathematics possesses an inexplicable effectiveness
in describing the structures of nature.

— Eugene P. Wigner

WHAT CHANGES WHEN CROSSING THE BOUNDARY

Up to this point, the procedure has been strictly constructive.

An arithmetic signal was defined, a change of scale was fixed, and a deterministic
operator M was constructed by explicit symmetrisation. The spectrum of this operator

was then measured, and a complete statistical protocol was established.

The decisive point is that none of this required probabilistic hypotheses, stochastic
sampling, or random models. The operator remained the same. What varied was

solely the observation regime.

At the beginning of this part of the book, a change of status occurs: the measured
statistics cease to be merely descriptive records and are instead confronted with known

spectral classes.

This comparison introduces no new objects. It introduces only a vocabulary of

recognition.

SPECTRAL CLASSES AS REFERENCE PATTERNS

In spectral analysis, certain families of operators exhibit robust, stable, and recurrent

statistical behaviours. When a spectrum displays statistical signatures that remain

33
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stable under changes in size and scale, it is said to be compatible with a universal class.

Two reference classes will be used in this chapter:

- the uncorrelated class, associated with spectra whose spacings behave as

approximately independent variables (often modelled by an exponential law);

« the locally repulsive correlated class, associated with spectra that suppress
very small spacings and exhibit global statistical rigidity (whose canonical pro-

totype is the Gaussian Orthogonal Ensemble, GOE).

The introduction of these classes is not a hypothesis about M. It is an instrument

for interpreting measurements that have already been performed.

THE FIRST SIGNATURE: LEVEL REPULSION

Let us consider the empirical distribution P(s) of the normalised spacings, as defined

in the previous chapter.

Notebook 07 (07_eigenvalues_recognition_of_goe.ipynb) shows that,
for sufficiently large values of N and for large initial scales X, the empirical density
begins to exhibit a decisive feature: the probability of very small spacings becomes

strongly suppressed.
O Open in Colab

In descriptive terms, P(s) approaches a shape that:

« is approximately zero at s = 0;
« increases from zero to a maximum at s > 0;

« decays for larger spacings.

This pattern is not compatible with uncorrelated spectra. It is the minimal signature

of local level repulsion.


https://colab.research.google.com/github/costaalv/discovering-chaos/blob/main/notebooks/07_eigenvalues_recognition_of_goe.ipynb
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THE SCALAR STATISTIC AND THE REFERENCE VALUE

The ratio between adjacent spacings,

min(s;, Sit1)

L max(s;, Si+1)
yields a mean value (r) that summarises the degree of local spectral correlation.
The crucial point is that, for universal classes, (r) assumes characteristic values.

In particular, for the GOE, the literature establishes an approximately constant

reference value:

<r>GOE = 0.536

whereas for uncorrelated spectra the typical value is substantially smaller:

(Fhpe = 0.386

When the protocol of Notebook 07 is applied to the operator M, it is observed
that, in appropriate regimes of N and X, the measured value of (r) systematically

approaches the GOE reference value.

This convergence is robust under moderate variations of the protocol parameters
(bulk selection, logarithmic window, and minimal numerical perturbations), indicating

that it is not a local coincidence.

GLOBAL RIGIDITY OF THE SPECTRUM

Local level repulsion is only part of the universal signature.

A second, independent characteristic is statistical rigidity: the fluctuation in the
number of eigenvalues within spectral intervals grows much more slowly than in

uncorrelated spectra.

The number variance ¥*(L), defined in the previous chapter, measures precisely

this fluctuation.

Notebook 07 demonstrates that, in regimes where P(s) exhibits suppression at
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s = 0 and (r) approaches the GOE reference value, the empirical curve of X*(L) departs
from linear growth (3*(L) ~ L) — characteristic of Poisson-type systems — and instead

assumes a logarithmic growth (3%(L) ~ In(L)).

This transition constitutes robust evidence of spectral rigidity in the operator M. It
indicates that the levels not only repel locally, but also preserve long-range correlations

that stabilise the structure of the system.

Two independent statistics — local (P(s)) and global (3%) — thus converge towards

the recognition of the same universal class.

DETERMINISM AND UNIVERSALITY

There is one aspect that deserves to be made explicit.

The GOE is traditionally introduced as a random ensemble of real symmetric
matrices. The universality observed in that context refers to the fact that many
families of operators, under broad conditions, exhibit the same statistics in the spectral
bulk.

In the present work, the operator M is not random. It is constructed deterministic-

ally from an elementary arithmetic function and a fixed change of scale.

The observation made here is therefore more restricted and more concrete:

a deterministic operator, constructed exclusively from prime counting
and symmetrisation, can exhibit spectral statistics compatible with the

universal GOE class.

Nothing beyond this is claimed.

What this observation establishes is an experimental fact: a universal class may

emerge without any external randomness being injected into the procedure.

Whenever statistics of the GOE class are mentioned in this work, they should
be understood as emerging from a specific structural regime, characterised by the
preservation of symmetry and reversibility of the constructed operator, under an

appropriate scale of observation.

No claim is made here to universality in the usual dynamical sense of the quantum
chaos literature, nor to evidence of deterministic chaos in the classical or semiclassically

hyperbolic sense.
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The results presented should therefore be interpreted as a spectral diagnosis of
structural coherence, conditioned on the alignment between the architecture of the

operator and the measuring scale employed.

PROTOCOL PARAMETERS AND STABILITY OF THE PHENOMENON

To avoid the recognition of the universal class depending on arbitrary choices, it is
necessary to make explicit which protocol parameters affect the result and in what

way.

In Notebook 07 (07_eigenvalues_recognition_of_goe.ipynb), three parameters

play a dominant role:

« span, which controls the extent of the logarithmic window and therefore the

internal variability of the sampled signal;

« jitter, which introduces a minimal numerical perturbation, reducing artificial

alignment effects;

« alpha, which defines the analysed bulk, minimising edge effects.

The relevant phenomenon is not the attainment of an exact value in a single
configuration, but the qualitative stability of the signatures (local repulsion, (r) value,

and rigidity) under moderate variations of these parameters.

When such stability is observed, class recognition ceases to be a coincidence and

becomes a diagnosis.

DELIMITATION OF WHAT HAS BEEN RECOGNISED

It is essential to maintain the distinction between three levels:

1. Constructive — M was defined by an explicit and deterministic expression.

2. Observational — spectral statistics were measured in large-N regimes and at

high initial scales Xj.


https://colab.research.google.com/github/costaalv/descobrindo_caos/blob/main/notebooks/07_eigenvalues_recognition_of_goe.ipynb
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3. Classificatory — the measured signatures were compared with known universal

patterns.

The third level does not alter the first two. It merely names an observed behaviour.

In this chapter, the behaviour recognised is the statistical membership of the spec-

trum of the operator M, in appropriate regimes, in the universal GOE class.

Observe that the operator M, by preserving symmetry and exhibiting structural

return under changes of scale, behaves as an arithmetic reflection device.
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Up to this point, the statistical protocol has been applied to the spectrum of the
operator M in progressively extended regimes.
Multiple independent statistics have converged consistently towards the same

spectral class.

The observed behaviour has been identified as compatible with the GOE class.

No new objects have been introduced. No additional hypotheses have been assumed.

In the next chapter, we will investigate how this diagnosis behaves under systematic
scale sweeps and under controlled modifications of the operator, delineating the

minimal conditions for the emergence of the observed universality.



8. THE PrRoOPER OprTIiCcS: WHY THE LOGAR-

ITHMIC SCALE IS STRUCTURAL

Geometry is not true;
it is convenient.

— Henri Poincaré

FROM PHENOMENON TO NECESSITY
In the previous chapter, an experimental fact was established with clarity:

the same deterministic operator M, constructed over the same arithmetic
region, exhibits radically different spectral statistics when observed under

different scales.

Linear sampling revealed a statistical regime compatible with local decorrelation,
whereas logarithmic sampling led systematically to the emergence of universal correl-

ations.

This contrast was not presented as a paradox, but as an optical effect: two lenses,

two possible readings of the same object.

In this chapter, the metaphor is set aside and the inevitable question is addressed:

why is the logarithmic lens not merely effective, but structurally neces-

sary?

40
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SCALE AS PART OF THE OBJECT

Up to this point, scale was treated as an external parameter — a choice made by the

observer. That perspective is now insufficient.

In the context of prime arithmetic, scale is not neutral. It is embedded in the very

structure of the object under observation.

Since Gauss, it has been known that the average density of primes around x

decreases as

1
In(x)

This means that the number line is not homogeneous from the standpoint of prime
structure. Regions farther from unity are not merely “larger”: they are structurally

more Sparse.

Consequently, a linear ruler does not measure this space adequately. It compresses

dense regions and dilutes sparse ones, distorting any attempt at a global reading.

The logarithmic scale, by contrast, acts as a natural change of coordinates: it
reparametrises the axis in such a way that the average variation in prime density

becomes approximately uniform.

THE ROLE OF A,(x) UNDER REPARAMETRISATION

The operator M does not depend directly on 7(x), but on its oscillatory combination:

Ar(x) = m(x) —2n(x/2).

This function captures precisely the local deviation from the expected average

behaviour.
The crucial point is that:
« under a restricted linear parametrisation, A,(x) varies slowly;

« under a broad logarithmic parametrisation, A,(x) traverses regimes with fluctu-

ations across multiple scales.
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Thus, the difference observed in the spectrum of M does not originate in the

operator, but in the way the operator’s argument explores the arithmetic structure.

The linear lens reduces the effective variability of the signal. The logarithmic lens

restores its diversity of phases.

EFFECTIVE COMPLEXITY AND PHASE MIXING

The matrix

M;; = cos (Ar(x;) In(x;)) + cos (A, (x;) In(x;))

is, by construction, symmetric and deterministic.

However, its degree of effective complexity depends on the diversity of phases

present in the terms A, (x;) In(x;).

« In narrow linear windows, these phases are highly correlated.

« In broad logarithmic windows, a mixing of phases occurs, comparable to that

observed in deterministic chaotic systems.

What the spectrum “recognises” is not randomness, but richness of interference.

Universality does not emerge because the system is random, but because it is

sufficiently complex when observed at the appropriate scale.

THE OPTICAL EXPERIMENT

Notebook 08 (08_the_discovery_lens. ipynb) introduces neither new operators

nor new statistics.
O Open in Colab
It performs only one conceptual operation:

the operator is held fixed, while the manner in which the number line is

traversed is varied systematically.
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In doing so, it demonstrates that:

« Poisson statistics are not a defect of the operator;
« GOE statistics are not an artefact of normalisation;

« both are legitimate readings, corresponding to distinct geometric regimes.

Scale acts as a regime selector.

WHAT THIS CHAPTER DOES NOT CLAIM

It is important to state explicitly the limits of what has been established:

« it is not claimed that the logarithmic scale “creates” universality;
« it is not claimed that every arithmetic function would produce the same effect;

« it is not claimed that GOE statistics are the only possible outcome.

What is claimed is more restricted and more robust:

when arithmetic structure is observed at its natural scale, the complexity

required for the emergence of universality is present.
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By the end of this chapter, scale ceases to be a technical parameter and becomes part
of the structure of the problem.
The logarithmic lens is identified as geometrically natural for the observation of the

arithmetic signal.

The contrast between Poisson and GOE statistics is no longer interpreted as a change
of object, but recognised as a change of regime.

In all cases, the operator M remains deterministic and unaltered.

In the next chapter, this understanding will be taken further. We will investigate
which features of the operator are essential to the observed universality and which

can be modified without destroying it, separating structure from contingency.



9. THE LOGARITHMIC SCALE — THE LENS

FOR CHAOS

Measure what is measurable,
and make measurable what is not.
— Galileu Galilei

One of the central results of this work is the observation that the emergence of GOE-
type statistics in the spectrum of the operator M is not invariant under changes of

scale.

On the contrary, it manifests robustly only when the system is observed through a

specific lens: the logarithmic scale.

This chapter investigates the reason for this selectivity. The question is no longer
whether the statistics change with scale — that has already been established — but
why only the logarithmic scale creates the conditions required for the emergence of a

correlated regime.

The answer lies in the very geometry of the distribution of prime numbers.

THE TOPOGRAPHY OF THE PRIMES

The prime counting function 7(x) describes the number of primes less than or equal

to x. The Prime Number Theorem establishes that, asymptotically,

X

In(x)’

which implies that the local density of primes along the linear number line satisfies

m(x) ~
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dr 1
dx ~ In(x)

This expression contains a fundamental piece of information: the density of

primes decays continuously as x increases.

Therefore, any observation carried out directly on the linear scale takes place on a
terrain whose dominant structural feature is a progressive structural degeneracy of

density.

EMPIRICAL VERIFICATION

The geometric structure described above is not merely asymptotic or conceptual. It
is verified directly in Notebook 09 (09_logarithmic_scale. ipynb), where the
empirical density of primes is measured and compared in both linear and logarithmic

scales.
0 Open in Colab

The plots produced in this experiment show explicitly:

« the continuous decay of dx/dx on the linear scale;

« the transformation of this collapse into a smooth growth law when passing to
dr/d(In x).

These visualisations provide the geometric background necessary to interpret the

spectral regimes observed in the previous chapters.

THE LINEAR LENS: AN UNSTABLE STAGE

When the system is observed under a linear parametrisation, the density of states
associated with the primes decreases continuously. There is no stable local scale: each

successive interval contains less structure than the previous one.

In this regime, the more subtle statistical fluctuations — those responsible for long-

range spectral correlations — are submerged beneath a dominant trend of rarefaction.

The observational outcome is straightforward:


https://colab.research.google.com/github/costaalv/discovering-chaos/blob/main/notebooks/09_logarithmic_scale.ipynb
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on a stage whose geometry collapses continuously, only uncorrelated

statistics survive.

This is why, even after local normalisation of spacings, the spectrum of the operator

M, when observed linearly, exhibits Poisson-type statistics.

This is not due to a lack of structure in the operator, but to the absence of geometric

conditions allowing that structure to manifest.

CHANGE OF VARIABLE AND LOGARITHMIC DENSITY

Let us now consider the change of variable

y = In(x).

The density of primes with respect to the new variable is obtained by the chain

rule:

dr  dr dx

dy dx dy
Since dx/dy = x, it follows that

dr - @
dlnx) = dx’

Substituting the asymptotic approximation for the linear density,

dr. 1

dx ~ In(x)’
we obtain

dr X

d(ln x) ~ In(x)
This expression is fundamental: the function x/In(x) is strictly increasing.

What was previously a continuous degeneracy of the linear geometry is now

transformed into a smooth and predictable growth law.
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THE LOGARITHMIC LENS: STABILISING THE STAGE

The logarithmic scale does not render the density of primes constant. It does something
subtler and more important: it transforms a structural degeneracy into a regular

geometry.

Instead of a density that tends to zero, we obtain a density that grows in a controlled
manner, without violent oscillations. This creates a stable background against which

fluctuations can be analysed meaningfully.
It is in this regime that:
« the function A,(x) exhibits structural fluctuations across multiple scales;
« the operator M becomes highly variable;

« the spectrum begins to display local correlations and global rigidity.

GOE-type statistics are not created by the logarithmic scale. They are revealed by
it.

THE CONDITION FOR EMERGENCE

Numerical experiments show that the transition from an uncorrelated regime to the

GOE regime occurs systematically from initial scales of order

X, = 10*-10°.

This observation now admits a clear geometric interpretation.

Below this region, the distribution of primes is still dominated by discrete irregular-
ities and finite-size effects. Above it, the asymptotic law x/ In(x) governs the density

robustly.

At this point, the “stage” stabilises. From then on, fluctuations — rather than the

mean trend — dominate the spectral statistics.
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SYNTHESIS

The role of the logarithmic scale can now be summarised precisely:

« it does not introduce randomness;
« it does not impose universality;

« it corrects the geometry of the observation space.

By aligning observation with the natural scale of the primes, the logarithmic lens

creates the minimal conditions under which deep spectral correlations become visible.

The music of chaos does not arise by chance. It can only be heard when the stage

is properly constructed.
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Up to this point, the distinction between linear and logarithmic observation has been

reformulated as a geometric problem of density.

On the linear scale, prime density decays as dx/dx = 1/ In(x), producing a
structurally unstable background in which fluctuations are continuously damped by

the rarefaction of the system.

On the logarithmic scale, the corresponding density, dr/d(In x) = x/ In(x),
transforms this collapse into a law of smooth growth. What was previously

suppressed by structural degeneracy becomes observable.

It thus becomes clear that the logarithmic lens does not “create” universality. It
merely stabilises the observation regime in which fluctuations can dominate the

statistical behaviour of the operator.

The empirically observed critical scale (X, = 10*~10°) therefore appears not as an

arbitrary parameter, but as the point at which the asymptotic regime consolidates.

The role of scale is thus isolated: it determines whether the operator is observed over

collapsing terrain or over stabilised ground.

In the next chapter, we move from geometric diagnosis to operational analysis. We
will investigate which perturbations preserve the observed regime and which destroy
it, explicitly delineating the minimal conditions required for the persistence of

universality.
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Order is the pleasure of reason;
but disorder is the delight of the imagination.
— Paul Claudel

In the preceding chapters, consistent evidence was presented of an unexpected
phenomenon: the statistical signature associated with quantum chaos — compatible
with the GOE class — emerges directly from an operator constructed from the counting

of prime numbers.

The aim of this chapter is not to expand the set of results, but to isolate the

minimal conditions that make this observation possible.

The guiding question thus becomes:

why does this procedure work, and under which assumptions does it cease to

work?

The answer does not lie in a single technical trick, but in the conjunction of three
conceptual principles, which act as necessary conditions for the correlated regime to

become audible.

THE THREE PILLARS OF THE PROTOCOL

The methodology developed throughout this work rests on three complementary

pillars. None of them, taken in isolation, is sufficient.
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The number line as a dynamic process

The first condition is to abandon the interpretation of the number line as a static object

and to observe it instead as a structurally evolving, scale-dependent process.

As the parameter x grows, the statistical properties of the system change. This
explicit dependence on scale makes it possible to identify distinct regimes: an initial
uncorrelated regime, a transition region, and a stabilised regime in which long-range

correlations emerge.

Only systems observed as processes, rather than as snapshots, can exhibit this kind

of phase-structured behaviour.

The active role of the One

The second condition is to recognise the structural role of the One not merely as a

logical axiom, but as an implicit mechanism of arithmetic stabilisation.

In the construction of the operator, the principle of succession (+1) acts continuously,
filling gaps and counterbalancing the multiplicative expansion inherent in prime

arithmetic.

It is from this tension — between expansion and stabilisation — that the observed
signal emerges. Without explicit recognition of this dynamic role of the One, the

measured quantity loses its operational meaning.

The logarithmic lens as the natural scale

The third condition is the appropriate choice of observational scale.

The logarithmic scale is neither an artificial adjustment nor a technical refinement.
It corresponds to the natural scale on which the density of primes ceases to collapse

and begins to obey a smooth growth law.

Only on this scale does the geometric background stabilise, allowing deep statistical

fluctuations — rather than average trends — to dominate the spectral behaviour.
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EMPIRICAL VERIFICATION

The interaction between these three pillars is demonstrated directly in Notebook 10

(10_conditions_for_chaos.ipynb).
C0 Open in Colab

In this experiment, two sets of plots are produced:

« one plot that makes explicit the geometric stabilisation of prime density when

observed on the logarithmic scale;

« one plot that tracks the evolution of a relative tension quantity along the number

line, revealing the transition between structural regimes.

The lower plot in the notebook materialises the third pillar: the “stable stage”
created by the change of variable.

The upper plot materialises the first pillar: the dynamic reading of the system, in
which the passage from an unstable regime to a regime of stabilised fluctuations can

be observed.

The simultaneous presence of these two elements is a necessary condition for the

signature of chaos to become observable.

CAUSE AND EFFECT

A joint reading of the results allows a clear causal chain to be established:

without a natural scale, there is no stable stage;
without a stable stage, there are no dominant fluctuations;

without dominant fluctuations, there is no observable universality.

Quantum chaos is not produced by a statistical artifice, nor injected by external
randomness. It emerges when observation is carried out in the appropriate geometric

regime, on a system treated as a process.


https://colab.research.google.com/github/costaalv/discovering-chaos/blob/main/notebooks/10_conditions_for_chaos.ipynb
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SYNTHESIS

The observational “recipe” can now be formulated objectively:

« observe the number line as a dynamic process;
« recognise the stabilising role of the One;

- align observation with the natural scale of the primes.

It is the rigorous intersection of these three principles, and only this intersection,
that transforms the counting of primes into an observable regime of universal chaotic

statistics.
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Up to this point, the minimal structural conditions for the emergence of a correlated

spectral regime have been isolated.

It has become clear that none of them is sufficient in isolation. The choice of scale, the
treatment of the operator as a scale-dependent process, and the stabilising mechanism

act jointly, and only their articulation produces the observed behaviour.

Notebook 10 provides a direct empirical verification of this interdependence,
showing that universality emerges exclusively when these conditions are satisfied

simultaneously.

In the next chapter, this articulation will be put under tension. We shall investigate
which perturbations preserve the identified regime and which destroy it, thereby

delineating with precision the domain of validity of the observed universality.



11. THE ANATOMY OF CHAOS — EIGEN-

VECTOR ANALYSIS

What we observe is not nature itself,
but nature exposed to our method of questioning.

— Werner Heisenberg

In the previous chapters, the analysis focused on the eigenvalues of the operator
M. They provided the spectral locations of the system’s excitations and, through
their statistics, made it possible to distinguish uncorrelated regimes (Poisson) from

correlated regimes (GOE).
In this chapter, the focus shifts to the eigenvectors of the operator.

If eigenvalues indicate where spectral structures are located, eigenvectors reveal
how this complexity is distributed internally. They encode the structural patterns of the
system and allow us to determine whether the observed regime is merely statistically

compatible or structurally ergodic.

BEYOND EIGENVALUES

In systems associated with quantum chaos, it is not sufficient for spectral spacings
to exhibit level repulsion. It is also necessary that the eigenvectors be delocalised,

filling the space in an approximately uniform manner.

This property distinguishes genuinely chaotic systems from those that are merely

perturbed or artificially randomised.

To investigate this aspect, we introduce two complementary tools:

56



11. The Anatomy of Chaos — Eigenvector Analysis 57

« the Participation Ratio;

« the statistics of eigenvector components.

TooL I — PARTICIPATION RATIO

The Participation Ratio (PR) quantifies the degree of spreading of an eigenvector.

For a normalised eigenvector

U= (01)023 e avn)ﬁ

it is defined as

Y55

PR = .
Zi:l |Ui|4

Its interpretation is straightforward:

« localised eigenvectors have small PR, of order unity;

« delocalised eigenvectors have PR proportional to N.

In Random Matrix Theory, eigenvectors of the GOE class are ergodic. For them,

the normalised ratio

PR
N

concentrates around the universal value

1
3
This value constitutes a structural signature of quantum chaos, independent of the

detailed form of the operator.
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TooLr II — COMPONENT STATISTICS

A second, independent theoretical prediction concerns the distribution of individual

eigenvector components.

For matrices in the GOE class, the components of a typical bulk eigenvector behave
as random variables drawn from a real Gaussian distribution, with zero mean and

variance fixed by normalisation.

This prediction can be tested directly:

« select an eigenvector from the centre of the spectrum;

construct the histogram of its components;

« compare it with the theoretical Gaussian curve;

quantify compatibility using the Kolmogorov—-Smirnov test.

A high p-value indicates no statistical evidence to reject the Gaussian hypothesis.

THE EMPIRICAL LABORATORY

Notebook 11 (11_eigenvector_anatomy.ipynb) implements these two analyses

systematically, allowing direct comparison between two observation regimes:

« linear sampling;

« logarithmic sampling.
O Open in Colab

For each case, four plots are produced:

the histogram of the components of a bulk eigenvector;

« the corresponding theoretical Gaussian curve;

the distribution of PR/N across the spectrum;

« a visual comparison between regimes.
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RESULTS — GENUINE SIGNAL AND METHODOLOGICAL ARTE-

FACT

The results display an instructive contrast between the two observation regimes.

Logarithmic scale — the genuine signal of chaos

Under logarithmic parametrisation, one observes that:

« eigenvector components consistently follow a Gaussian distribution;
« the Kolmogorov-Smirnov test returns high p-values;

« the distribution of PR/N is sharply concentrated around 1/3.

These results indicate that the eigenvectors are ergodic and that the observed

complexity is not superficial, but a structural property of the operator.

Linear scale — the methodological phantom

Under linear parametrisation, the results initially appear similarly compatible with

the GOE: approximately Gaussian components and values of PR/N close to 1/3.
This resemblance, however, is misleading.

In this regime, the constructed matrix is structurally impoverished and requires
the introduction of small numerical perturbations (jitter) to avoid artificial degen-

eracies.

The eigenvectors then primarily reflect the statistical properties of the injected

noise rather than the underlying arithmetic structure.

What is measured in this case is not the chaos of the primes, but a methodological

artefact.

STRUCTURAL DIAGNOSIS

The comparison between the two regimes allows a clear diagnosis:
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ergodic eigenvectors obtained without artificial noise injection constitute

the unequivocal signature of a genuinely chaotic regime.

The logarithmic scale satisfies this condition. The linear scale does not.

APPLIED PERSPECTIVE — A CRYPTOGRAPHIC PRIMITIVE

The observed properties suggest potential applications in areas such as cryptography.

Parameters such as Xj, N, and the arithmetic function A,(x) may be interpreted as

a private key, from which highly complex eigenvectors are generated deterministically.

The inverse problem — reconstructing these parameters from an ergodic eigenvector

— presents high computational complexity.

This constitutes a quantum primitive not in the physical sense, but in the statistical
one: the exploited properties coincide with those of quantum chaotic systems, without

requiring quantum hardware.

This possibility remains speculative, but it illustrates the conceptual reach of the

developed formalism.
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Up to this point, the spectral analysis has been extended from the eigenvalues to the

eigenvectors of the operator M.

It has been shown that the GOE regime manifests not only in level statistics, but also
in the internal geometry of the states: the eigenvectors are ergodic, the Participation
Ratio confirms their structural delocalisation, and the Gaussian distribution of

components emerges consistently.

This set of observations made it possible to clearly distinguish genuine signal from
methodological artefacts. Notebook 11 provides the direct empirical basis for these

conclusions.

With this, the characterisation of the chaotic regime associated with the operator M is

complete, both in its spectrum and in the internal structure of its states.

In the next chapter, we conclude the conceptual journey, bringing together the results

obtained into a unified structural reading.



12. THE OBSERVER IN THE MIRROR — CON-

TROL AND ROBUSTNESS

The first principle is that you must not fool yourself —
and you are the easiest person to fool.

— Richard Feynman

THE ASTONISHMENT OF OBSERVATION

We have reached a point of astonishment.

The previous chapters revealed a phenomenon that defies intuition: prime numbers,
immutable mathematical entities, exhibit two distinct statistical natures. Under a linear
lens, they behave according to Poisson statistics; under a logarithmic lens, they display

correlations compatible with the GOE class.

An unavoidable question arises:
what is wrong?

Is this result a methodological artefact, an illusion produced by technical choices,

or does it reflect a genuine property of the structure of the primes?

The only intervention introduced was the presence of an observer — the choice of
scale. As in quantum physics, the system appears to respond to the way in which it is

interrogated.

This chapter confronts that astonishment directly, subjecting the method to the

most fundamental scientific test: the control experiment.
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THE CONTROL EXPERIMENT
The central question is simple and precise:

is the observed duality (Poisson versus GOE) a property specific to the
structure of the primes, or would any sufficiently irregular signal produce

the same effect?

To answer this question, the deterministic arithmetic signal based on A,(x) is
replaced by independent and identically distributed white noise (i.i.d.) — a

sequence of genuinely random values, devoid of long-range internal correlations.

At first glance, one might expect an even more “chaotic” signal to generate GOE-
type statistics in both regimes. The experimental result, however, points in exactly

the opposite direction.

The complete computational protocol for this control experiment is implemented

in Notebook 12 (12_mirror_observer. ipynb).

In this notebook, the deterministic arithmetic signal based on A, (x) is replaced by

pure white noise, while keeping unchanged:

the construction of the operator;

« the normalisation;

the spectral analysis;

« the observational parameters.
0 Open in Colab

This controlled substitution allows the specific role of the prime structure in the

emergence of GOE statistics to be isolated unequivocally.

THE DISCOVERY — THE CHAOS OF THE PRIMES IS SPECIAL

When the protocol is executed with the random signal activated, the result is unam-

biguous: GOE-type statistics disappear completely.


https://colab.research.google.com/github/costaalv/discovering-chaos/blob/main/notebooks/12_mirror_observer.ipynb
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Both on the linear scale and on the logarithmic scale, the spectrum of the operator

constructed from white noise exhibits statistics compatible with Poisson.
This result imposes a clear conclusion:
+ GOE statistics are not generic;
« they do not emerge from arbitrary irregular signals;

« they require specific structural correlations.

The control experiment demonstrates that Poisson statistics constitute the baseline
state: when the operator is driven by a completely uncorrelated signal, the resulting

spectral structure remains equally uncorrelated.

THE SINGULARITY OF THE PRIME SIGNATURE

The contrast with the arithmetic case is decisive.

When the operator is constructed from A, (x), GOE statistics emerge exclusively
under the logarithmic lens. This indicates that it is not the “noise” of the primes that

generates the effect, but the interaction between:

« the specific pseudo-random structure of the prime distribution;

« the logarithmic scale, which stabilises the geometry of the observational space.

GOE behaviour arises only when these two conditions enter into resonance.

The control experiment therefore eliminates the hypothesis that the observed
phenomenon is a mathematical artefact. It confirms that the universality identified in

the previous chapters is an emergent and rare property, not a generic effect.

THE MUSIC OF THE PRIMES AND BACKGROUND NOISE

The control protocol allows signal and noise to be separated definitively.

« For the primes:

— linear scale — Poisson statistics;
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— logarithmic scale — GOE-type statistics.
« For white noise:
— linear scale — Poisson;

- logarithmic scale — Poisson.

The conclusion is unequivocal: GOE statistics are not noise.

They are the signature of a deep order, hidden within the distribution of the prime

numbers, and they become audible only when observed at the appropriate scale.



PoiNT OF REST

In this chapter,

the method was subjected to a rigorous control experiment.

It was demonstrated that GOE statistics do not emerge from generic random signals.
The specific signature of the primes was unequivocally isolated as the source of the
correlated regime.

It was confirmed that the logarithmic scale does not create the phenomenon, but

defines the regime in which it can manifest.

The observer was placed before the mirror —

and the reflection remained consistent.

In the next chapter, the focus shifts. The task will no longer be to recognise
universality, but to explore its limits: which perturbations preserve it, which
destroy it, and which aspects of the construction are essential for its

persistence.



13. THE UNIVERSALITY OF CHAOS — SCALE

SWEEPS

Nature uses only the longest threads to weave its patterns,
so that each small piece of its fabric
reveals the organisation of the entire tapestry.

— Richard Feynman

A LOCAL LAW OR A UNIVERSAL ONE?

In the previous chapters, we established a central result: when prime numbers are
observed through the lens of logarithmic scaling, the spectrum of the operator M
robustly exhibits the statistics of the Gaussian Orthogonal Ensemble (GOE), the hallmark

of quantum chaos.

This observation was initially made within specific windows of the number line,
centred around values such as X, = 107 or 10%. An inevitable question then arises: is
this a local phenomenon, confined to particular regions, or a universal property of the

distribution of prime numbers?

Random Matrix Theory offers a clear prediction: genuinely chaotic systems dis-
play universal statistics, independent of microscopic details. This chapter tests that

prediction directly in the arithmetic context.
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THE EXPERIMENT: SWEEPING ACROSS SCALES

To investigate the universality of the phenomenon, we perform a systematic sweep
across several orders of magnitude of the number line. Keeping fixed both the con-
struction of the operator M and the logarithmic observation lens, we vary only the

starting point X, exploring values ranging from X, = 10> to X, = 10

At each scale, we compute one of the most stable and informative statistics in

spectral theory: the mean ratio of adjacent level spacings,
min(s;, $i+1)
(ry={ ———=% ).
max(s;, Si+1)

This statistic has well-known universal values:

« (r) = 0.386 for Poisson;

« (r) = 0.536 for GOE.

The hypothesis under test is both simple and strong: if the GOE regime is universal,
the value of (r) should converge to the GOE prediction and become independent of
the scale Xj.

THE SWEEP LABORATORY

Notebook 13 (13_scale_sweeps. ipynb) implements this experiment in an auto-
mated fashion. For each value of X, the operator is constructed, its spectrum is

computed, and the statistic (r) is extracted.
O Open in Colab

The final outcome is a plot of (r) as a function of In(X;), which allows the statistical

regime to be tracked continuously across scales.

This procedure eliminates interpretations based on isolated cases and exposes the

global structure of the phenomenon.
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THE TRANSITION TO UNIVERSAL CHAOS

Analysis of the results reveals three clearly organised regimes along the scale axis.

The low-scale regime: the echo of order

For small values of X, typically 10° and 10*, the statistic (r) remains close to the
Poisson value. In this regime, the distribution of primes is still strongly influenced by
discrete irregularities and local arithmetic effects. The correlations required for the

emergence of chaos are not yet fully developed.

The transition zone: the awakening of chaos

Around X, =~ 10* a rapid transition is observed. The value of (r) increases sharply,
moving away from the Poisson regime and approaching the GOE value. This behaviour
indicates that the system reaches a critical level of complexity, at which long-range

correlations begin to dominate the spectral statistics.

The asymptotic regime: GOE universality

Beyond scales of order 107, the value of (r) stabilises unequivocally at the value

predicted for the GOE. More importantly, it becomes essentially independent of X.

We thus enter the asymptotic regime: the observed statistics no longer carry
information about a specific position on the number line and instead reflect a universal

law.

SYNTHESIS

The scale sweep reveals that the transition observed in earlier chapters is not a local
artefact, but the manifestation of a deep and universal structure. The duality between
Poisson and GOE does not represent a contradiction, but rather a geometric journey

along the prime number line.

As the scale increases, the system leaves local order behind and converges towards

a regime of universal chaos, in perfect agreement with the predictions of Random
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Matrix Theory.

The music of the primes is not a regional accident. It is a structural constant of the

arithmetic universe — audible only when observed at the correct scale.
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Up to this point, a precise distinction has been established between a local
phenomenon and a universal diagnosis. The notion of universality has been defined
operationally as independence with respect to the starting point X, rather than as an

asymptotic extrapolation or a qualitative argument.

Under this criterion, a scale-sweep protocol was formulated in which the construction
of the operator M and the logarithmic observation lens remain fixed, while only the
starting point X is displaced across several orders of magnitude. To track this sweep,
the statistic (r) was adopted as a compact and robust indicator of spectral correlation,
enabling direct comparison between regimes without the introduction of additional

assumptions.

The observed outcome organises itself into three well-defined regions: an initial
regime compatible with Poisson statistics, a transition zone centred around X, =~ 10%,
and an asymptotic regime in which (r) stabilises near the characteristic GOE value.

Above a critical scale, the diagnosis ceases to depend on the position along the

number line and instead reflects a stable statistical behaviour.

Universality thus ceases to be an intuitive inference and becomes an operational
result. There exists a regime in which the operator M, observed on the logarithmic
scale, persistently exhibits spectral signatures compatible with the GOE class under

sweeps of Xj.

In the next chapter, this stability will be put to the test. We will investigate which
variations of the protocol preserve the observed diagnosis and which degrade it,
explicitly delineating the minimal conditions required for the persistence of the

identified universality.



14. WHERE DoOES CHAOS RESIDE? — TEST-

ING ALTERNATIVE OPERATORS

If you drag a net with a five-centimetre mesh through the sea,

your conclusion will be that no fish smaller than five centimetres exist.
But is that a fact about the fish in the sea, or about your net?

— Arthur Eddington

THE FINAL DOUBT

The preceding chapters establish a strong result: when the arithmetical signal of the
primes is observed on the logarithmic scale, the spectrum of the constructed operator
robustly exhibits bulk statistics compatible with the universal GOE class, whereas

linear observation systematically leads to the Poisson regime.
Nevertheless, a legitimate doubt remains.

Up to this point, the central operator of this work has been defined through a cosine

kernel, of the form

M;; < cos(f; - log x;) + cos(f; - log x;),

where f; = A, (x;).

It is natural to ask whether the observed duality — Poisson on the linear scale and
GOE on the logarithmic scale — is an intrinsic property of the arithmetical system, or

whether it could be an artefact of the specific functional choice of the kernel.

In other words:
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does chaos reside in the primes, or in the operator we chose to observe them?

This chapter is devoted to confronting this question directly.

CHANGING THE INSTRUMENT

The cosine is not an arbitrary function. It arises naturally as the real part of a complex

phase:

cos(0) = Re(e'?).

An immediate generalisation therefore consists in abandoning the real projection

and working directly with the full complex phase.
We thus introduce an alternative operator, defined through a phase kernel:

M/ ei-ﬁlog x5

l]:

This operator is not real-symmetric, but it carries the same fundamental structural
information: the interaction between the arithmetical signal f; and the logarithmic

scale of x;.

The motivation for this test is simple and rigorous: if the GOE statistics observed
previously arise from the deep interaction between the prime signal and the scale of
observation — and not from the particular form of the cosine — then replacing the

kernel should not destroy the phenomenon.

OPERATIONAL HYPOTHESIS

The hypothesis tested in this chapter can be stated objectively:
If the Poisson/GOE duality is structural, then alternative operators, con-
structed from the same arithmetical information and observed at the same

scales, should exhibit the same statistical behaviour.

In particular, we expect to observe:
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« Poisson statistics on the linear scale;
« statistics compatible with GOE on the logarithmic scale;

« stability of these results under changes of kernel.

THE OPERATOR LABORATORY

Notebook 14 (14_alternative_operators. ipynb)implements this test in a con-

trolled manner.
S0 Open in Colab

A selector was introduced allowing one to switch between the cosine kernel and

the phase kernel, while keeping unchanged:

« the arithmetical signal A,(x);
« the observation regimes (linear and logarithmic);

- the statistical protocol applied to the spectrum.

This approach guarantees that any observed difference can be attributed exclusively

to the form of the operator — and not to collateral changes in the method.

RESULT: STATISTICAL INVARIANCE

The outcome of the experiment is unambiguous.

Replacing the cosine kernel with the phase kernel does not alter the statistical

diagnosis:
« on the linear scale, the spectrum remains compatible with Poisson;

« on the logarithmic scale, the spectrum continues to exhibit level repulsion, global

rigidity, and reference values compatible with GOE.

This invariance is non-trivial. It demonstrates that the observed statistical duality

is not a functional artefact, but a robust property of the underlying system.


https://colab.research.google.com/github/costaalv/discovering-chaos/blob/main/notebooks/14_alternative_operators.ipynb
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WHERE CHAOS TRULY RESIDES

The test with alternative operators now allows us to locate precisely the origin of the

phenomenon.
The observed chaos:
« does not reside in the specific form of the kernel;
« is not created by the operator;

« does not depend on a delicate functional choice.
It emerges from the combination of two fundamental elements:

1. the intrinsic arithmetical structure of the signal A, (x);

2. the observation of this signal on the logarithmic scale natural to the primes.

The operator acts merely as a reading instrument. Changing the instrument does
not change the music.
Although the phase operator is complex, the statistics observed coincide with

those found in the orthogonal regime, indicating that the relevant statistical class is

determined by the structure of the signal, not by the representation employed.
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Neste capitulo,

Up to this point, the dependence of the phenomenon on the specific form of the
operator has been examined systematically.
It has been verified that functionally distinct kernels lead to the same statistical
diagnosis, and that the duality between Poisson-type and GOE-type regimes remains

invariant under this substitution.

As a result, the origin of the observed behaviour can be isolated with clarity: it does
not reside in formal details of the construction, but in the interaction between the

arithmetical signal of the primes and the adopted scale of observation.

This chapter therefore closes the investigation into possible operational artefacts.

In the chapters that follow, the focus shifts from causes to consequences.
We shall investigate what is genuinely universal, which perturbations can be
introduced without destroying the observed regime, and which natural limits emerge

from the very structure that has been identified.



15. CONFIRMATION AT STRATOSPHERIC

HEIGHTS

Wir miissen wissen. Wir werden wissen.
(We must know. We shall know.)
— David Hilbert

HiSTORICAL CONTEXT: MONTGOMERY, BERRY, AND ODLYZKO

To appreciate the significance of what is examined in this final chapter, it is essential
to situate it within the historical connection between prime numbers, the zeros of the

zeta function, and quantum chaos.

The path followed throughout this work echoes one of the most remarkable con-

vergences between mathematics and physics of the twentieth century.

The initial spark: Montgomery and Dyson

In the 1970s, Hugh Montgomery investigated the correlation between the non-trivial
zeros of the Riemann zeta function. In an informal conversation with Freeman Dyson,
Montgomery presented the formula he had obtained for the pair correlation function

of those zeros.

Dyson immediately recognised the underlying statistical structure: it was the same
statistics that describes level repulsion in the energy spectra of heavy atomic nuclei, a

domain modelled by Random Matrix Theory.
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This observation inaugurated an unexpected bridge between analytic number

theory and quantum physics.

The physical framework: Berry and quantum chaos

The conjecture received decisive empirical support through the work of Andrew
Odlyzko. Using supercomputers and highly optimised algorithms, Odlyzko computed
the locations of billions of zeros of the zeta function at extreme heights on the critical

line, reaching orders such as 10% and beyond.

The results were unequivocal: the observed statistics matched, with extraordinary
precision, the predictions of the GUE (Gaussian Unitary Ensemble), the class expected

for systems without time-reversal symmetry.

The laboratory presented in this chapter is a direct homage to this intellectual
trajectory, but with a fundamental distinction: while the zeros in the complex plane
reveal GUE rigidity, our analysis of the real arithmetic line, anchored in unity, reveals

the emergence of the GOE — the signature of systems that preserve mirror symmetry.

These two regimes are neither in competition nor in contradiction, but belong to
distinct observational domains: one associated with complex spectral flow and broken

reversibility, the other with a real, symmetric and reflective arithmetic structure.

Computational confirmation: Odlyzko

The conjecture gained decisive empirical support through the work of Andrew Odlyzko.
Using supercomputers and highly optimised algorithms, Odlyzko computed the posi-
tions of billions of zeta zeros at extreme heights along the critical line, reaching scales

of order 10%* and beyond.

The results were unequivocal: the observed statistics matched, with extraordinary

precision, the predictions of the GUE (Gaussian Unitary Ensemble).

The laboratory presented in this chapter is a direct homage to this intellectual
trajectory, but with a fundamental distinction: while the zeros in the complex plane
reveal GUE rigidity, our analysis of the real arithmetic line, anchored in unity, reveals
the emergence of the GOE class — the signature of systems that preserve mirror

symmetry.
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THE CHALLENGE OF STRATOSPHERIC HEIGHTS

In previous chapters, we established that GOE-type statistics emerge stably from initial

scales of order 10°.

The natural question that arises is whether this behaviour persists at genuinely
extreme scales — those explored by Odlyzko in his analysis of the zeros of the zeta

function.

A direct approach is impractical. Explicit prime counting rapidly becomes infeasible

at stratospheric heights.

To circumvent this limitation, we resort to a theoretical bridge: Riemann’s R(x)
function (also known as the smoothed prime-counting function), which provides an

extremely accurate asymptotic approximation to 7z(x), even in astronomical domains.

The substitution of 7(x) by R(x) is not intended to introduce new structure, but to
preserve the asymptotic geometry of the arithmetic signal in regimes where direct

enumeration of primes is no longer practical.

This substitution allows us to probe regions of the number line far beyond the

reach of elementary algorithms, while preserving the relevant statistical structure.

ANALYSIS OF STRATOSPHERIC DATA

In this final experiment, no new raw data are generated. Instead, we analyse a set
of results computed in real time, organised in a dataframe (a tabular numerical data

structure) covering a sweep of X, from 10® up to approximately 10%.

No external data or precomputed tables are used. All values analysed in this chapter
are generated directly within Notebook 15, which implements the complete experi-
ment at high precision, using Riemann’s R(x) function as an asymptotic approximation

to 7(x) in order to enable probing at stratospheric heights.

Two central statistics are monitored throughout this sweep:

« the mean ratio of adjacent spacings, (r);

« the normalised Participation Ratio, PR/N.

Both act as independent fingerprints of the GOE class.
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FINAL HYPOTHESIS

If the connection between the arithmetic of the primes and GOE statistics is structural
within the observational regime considered, sustained by the mirror symmetry
inherent to the real line, then these two quantities should remain stable, closely

adhering to the theoretical GOE values,

. <r>GOE = 0.536
« PR/N=1/3

even when the analysis is pushed to the most distant frontiers of the number line.

What this chapter therefore examines is no longer the emergence of chaos, but the

statistical persistence of this regime under extreme shifts of scale.

COMPUTATIONAL REPRODUCIBILITY AND THE ROLE OF NOTE-
BOOK 15

It is important to emphasise that the results presented in this chapter are not merely

expository or interpretative.

Notebook 15 (15_stratospheric_heights. ipynb) explicitly implements the
experiment described throughout this chapter and constitutes the complete computa-

tional laboratory for this final stage of the investigation.

£ Open in Colab

In this notebook:

stratospheric data are generated in real time, directly within the notebook,
by numerical evaluation of the R(x) function, without recourse to precomputed

tables, external databases or previously stored data;

Riemann’s R(x) function is used as an asymptotic approximation to z(x);

the statistics (r) and PR/N are computed directly from the operator’s spectrum;

the results are visualised and compared with the theoretical GOE values;


https://colab.research.google.com/github/costaalv/discovering-chaos/blob/main/notebooks/15_stratospheric_heights.ipynb
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« the entire process can be fully replicated by the reader.

The notebook not only confirms numerically the persistence of GOE statistics at
extreme heights, but also provides a transparent, auditable and re-executable protocol

for independent verification of the results.

Accordingly, this chapter does not rest on historical authority or isolated theoretical
extrapolation, but on an explicit computational experiment, aligned with contemporary

standards of scientific reproducibility.

As emphasised by Berry, these statistics describe local properties of the spectrum

and are not intended to capture the complete global behaviour across all scales.
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In this chapter, the historical connection between prime numbers, the zeros of the
zeta function and quantum chaos has been contextualised, while the computational
limitations inherent to direct exploration of extreme scales have been made explicit.

To overcome this boundary, Riemann’s R(x) function was introduced as an
asymptotic bridge, enabling the probing of stratospheric heights without direct

enumeration of primes.

With this instrument, spectral statistics were analysed in domains extending up to
10%, and the final stability of the signatures associated with the GOE class was tested

systematically.

The observed outcome is systematically consistent. The music of quantum chaos does
not fade with height. It persists, intact, as a robust and recurrent structural

regularity within the aligned arithmetic regime identified in this work.

Here, the journey does not end through computational exhaustion, but through
conceptual saturation.
Nothing higher needs to be climbed within the regime considered: the relevant

structure has already revealed itself in full.



16. BERRY'S VIEW — THE STATISTICAL SIG-

NATURE OF QUANTUM CHAOS

Quantum mechanics is not chaotic.
So how can the classical world,
which emerges from it, be so?

— Michael Berry

THE PARADOX OF CHAOS

In the classical world, the Newtonian one, chaos is a familiar phenomenon. It mani-
fests itself as extreme sensitivity to initial conditions — the so-called butterfly effect.
Deterministic systems can become unpredictable because small perturbations grow

exponentially over time. Classical chaos lives in trajectories.

However, when we enter the quantum domain, this notion seems to dissolve.
Quantum mechanics does not describe well-defined trajectories, but wave functions
and probability distributions. The Schrodinger equation is linear, deterministic, and

perfectly predictable.

A profound paradox then arises: if the quantum world is the ultimate foundation

of reality, where is the chaos we observe in the classical world?

WHERE DID CHAOS GO? BERRY'S QUESTION

The resolution of this paradox did not come from a new equation, but from a radical

shift in perspective. Michael Berry posed the decisive question:
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What if the signature of chaos were not in trajectories, but hidden in the

energy spectrum of the system?

The proposal was simple and profound. Berry suggested that quantum chaos does

not manifest dynamically, but statistically.

Quantum systems whose classical analogue is ordered should exhibit spectra with
no significant internal correlations. By contrast, systems whose classical analogue
is chaotic should reveal this disorder in a paradoxical way: through a rigid and

universal statistical order in their eigenvalues.

Quantum chaos does not disappear — it changes language.

THE UNIVERSAL ANSWER: THE BGS CONJECTURE

Berry’s view was formalised in the Bohigas—Giannoni-Schmit (BGS) conjecture.

The result is unambiguous:

« quantum systems associated with integrable classical dynamics exhibit Poisson

statistics;

« quantum systems associated with chaotic classical dynamics exhibit statistics
described by Random Matrix Theory (RMT), belonging to the GOE or GUE

classes, depending on the symmetries of the system.

In the chaotic regime, energy levels display level repulsion and global rigidity.
In particular, GOE statistics emerge in systems that preserve time-reversal symmetry:
the structural counterpart of the mirror symmetry identified in this work on the real

arithmetic line anchored in unity.
Chaos, far from producing statistical disorder, imposes a deep regularity.

The GOE thus becomes the characteristic statistical signature of the quantum

chaotic regime in systems with time-reversal symmetry.

THE CORNERSTONE OF THIS WORK

This perspective constitutes the conceptual axis of the entire path developed in this

book.
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Throughout the previous chapters, we constructed a spectral operator directly from
fluctuations in the counting of prime numbers, without explicitly invoking the zeros

of the Riemann zeta function.

Even so, the resulting spectrum exhibits, in a robust, reproducible, and persistent

manner, all the statistical signatures of the GOE.

In the light of Berry’s view, this result acquires a precise meaning. It is not a
numerical coincidence, but evidence that the mirror symmetry at 1/2 constitutes, on
the real line, a functional analogue of the same class of spectral rigidity observed by

Riemann in the complex plane.

It is important to emphasise that, on the real line, the observed spectrum belongs
to the GOE class, whereas the spectrum of the zeros in the complex plane belongs
to the GUE class. These therefore correspond to distinct observational regimes,

associated with different symmetries.

In the complex plane, the line R(s) = 1/2 acts as a functional axis of symmetry
of the Riemann zeta function, as a consequence of its functional equation. This
symmetry, however, does not correspond to invariance under time reversal, which

explains the emergence of GUE statistics in the spectrum of the zeros.

On the real line, the arithmetic reflection x — x/2 preserves an analogous sym-
metry, now associated with a real and reversible structure, compatible with GOE

statistics.

ARITHMETIC AS A SPECTRAL OBJECT OF CHAOTIC CLASS

What this work reveals is that the sequence of prime numbers, when observed at its

natural scale, behaves as a spectral object belonging to the chaotic class.

There are no particles.
There is no explicit physical Hamiltonian.

There is no temporal dynamics in the classical sense.

And yet there are:
« level repulsion;
« spectral rigidity;

. ergodic eigenvectors;
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« universal GOE statistics.

The observed regularity is not metaphorical. It is spectral.

Chaos is not in trajectories, because there are no trajectories. It lies in the deep

statistical structure of the spectrum.

ORDER, RANDOMNESS, AND RECONCILIATION

For more than a century, the distribution of primes has oscillated between two opposing

narratives:

« a vision of rigid order, governed by deterministic laws;

- a vision of apparent randomness, sustained by probabilistic models.

Berry’s view offers a third path.

The primes are not random. They exhibit a structure whose spectral statistics

belong to the GOE class in the appropriate regime.

Their irregularity is not the absence of law, but the expression of a deeper statistical

universality — the same one that governs chaotic physical systems.

And all this rigidity emerges from a single structural gesture: the arithmetic reflec-

tion x — x/2, reiterated across scales, without fragmentation of unity.
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In this chapter, Berry’s view was presented as a conceptual solution to the paradox of
quantum chaos, and the BGS conjecture was introduced as an operational criterion
for the universal diagnosis of chaos.

Within this framework, the GOE class emerges not as a technical choice, but as the

natural statistical signature of the chaotic regime.

In the light of this universal language, the spectrum of the arithmetic operator could
be reinterpreted in a unified manner, reconciling the historical tension between order
and irregularity in the distribution of primes.

What previously appeared as a conceptual conflict was revealed to be two facets of

the same structure, observed through different lenses.

With this, the conceptual traversal is complete.

In the final chapter, all the elements — arithmetic, spectrum, scale, and universality —
will be brought together into a single structural reading, closing the journey not with

a new conjecture, but with a synthesis.



17. BERRY'S BRIDGE — FROM PYTHAGORAS

TO DYSON

Mathematics is the language with which
God wrote the universe.
— Galileu Galilei

... or is the universe itself mathematics, and are we finally returning to the

Pythagorean view?

THREE WORLDS, A SINGLE MUSIC

This chapter introduces no new technical results. Its purpose is to consolidate, within
a single conceptual framework, the results established throughout the entire investig-

ation.

Along this journey, we encountered three intellectual worlds that, at first glance,

appear disconnected:

« the world of Pythagoras, in Ancient Greece, with the intuition that “all is

number” and that reality obeys a musical harmony;

« the world of Riemann, in the nineteenth century, with the search for hidden

order in the distribution of primes through the zeta function;

« the world of Berry, in the twentieth century, with the identification of quantum
chaos and of its universal statistical signatures, determined by the symmetries

of the system.

38



17. Berry’s Bridge — From Pythagoras to Dyson 89

Harmony, order, and chaos — three different languages describing the same phe-

nomenon.

What this work suggests is that these languages are not competing, but comple-

mentary, unified by a common structural thread: the centrality of the One.

MICHAEL BERRY’S INADVERTENT BRIDGE

Michael Berry, when investigating quantum systems whose classical analogue is
chaotic, did not have the objective of understanding the arithmetic of prime numbers.
Even so, by consolidating Random Matrix Theory (RMT) as the universal language
of quantum chaos — and by making explicit that the observed statistical class (GOE,
GUE, or GSE) is fixed by the symmetries of the system — he provided, without having
arithmetic as his aim, the conceptual tool that makes it possible to articulate these

three worlds.

The harmony that Pythagoras conceived as numerical relation, that Riemann pur-
sued as hidden order, and that Montgomery and Dyson recognised in the zeros of the

zeta function, found in Berry its definitive language.

RMT thus became a true Rosetta Stone:

« Pythagorean harmony found a precise statistical expression when observed

under regimes of preserved symmetry (GOE);

« order in the zeros of Riemann received a physical analogue under regimes of

broken symmetry (GUE);

« quantum chaos revealed itself as structure, not as disorder.

What once appeared fragmented was revealed to be part of a single music.

THE INVISIBLE THREAD: THE ONE AS A COMMON SOURCE

But why do such distinct descriptions converge towards the same statistical spectral

structure, even though they manifest themselves in distinct classes?

The answer points to the simplest — and structurally inevitable — element: the

One.
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« Pythagoras heard the harmony that emerges from counting itself, a process that

begins with the One;

« Riemann mapped the terrain of the primes, an inevitable consequence of the

multiplicative and additive structures erected from the One;

« Berry described quantum chaos whose statistical signature, as argued in this
work, finds a functional analogue in the fluctuations of prime counting when

observed under the same structural decomposition.

Within this framework and regime, the GOE does not appear as a physical artefact,
nor as an analytical accident, nor as an externally imposed modelling choice. It is
the statistical echo of the complexity generated by the most elementary rule: the

succession constructed from the One.

THE FOLD AT 1/2: EARTH AND SKY

At the centre of the laboratory stood the functional

A,,(x):n(x)—znG)

The fold at 1/2 was not introduced for convenience. It emerged as a structural
necessity in the finite domain: it is precisely the point that separates, in any inter-
val [1, x|, the primes that structure the composites from those that stabilise the
sequence. This separation is arithmetic and functional: only primes p < x/2 gen-
erate multiples within the interval and therefore control the multiplicity of factors.
This point marks the only arithmetic threshold at which multiplicative expansion is

structurally compensated by additive succession.

Remarkably, this same constant occupies the central role in the asymptotic domain

of number theory: the critical line of the Riemann Hypothesis.

The zeta function is a map of infinite reach. The arithmetic function A,(x) is a
finite, handwritten map. Yet both reflect an analogous structural symmetry, observed

in distinct domains.

What Riemann glimpsed at infinity appears here as an inevitable shadow of the
finite.
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At the end of this journey, what imposes itself is not a conclusion in the classical

sense, but a structural synthesis.

The observed statistics were not transferred from physics to arithmetic as metaphor
or external analogy. They emerge directly from the very structure of the primes when
these are observed at the appropriate geometric scale.

Under this lens, what has come to be known as quantum chaos and the enigma
associated with the zeta function reveal themselves as distinct manifestations of a

single underlying order.

The reading proposed here introduces no new objects and requires no ontological
extrapolation.
It merely reorganises what was already there.
The harmony intuited by Pythagoras, the symmetry glimpsed by Riemann, and the
universality formalised by Berry do not contradict one another.

They occupy different levels of description of a single structure.

Nothing was added to arithmetic. It merely became possible to observe it coherently.

What was always there was not invisible by absence, but by the lack of an adequate

observable.



17 1/2. STATUTE OF THE CLAIM —
NECESSITY, UNIVERSALITY AND

CHOICE

Clarity does not weaken a discovery.

It defines its scope.

THREE DISTINCT LEVELS

Throughout this work, results of different natures have been obtained. To avoid
confusion, and to preserve the integrity of what has been done, it is essential to
separate explicitly three conceptual levels, which do not collapse into one another,

but are logically chained.

This separation is not defensive. It is an act of rigour.

Level I — What has been strictly demonstrated

At the most fundamental level, this work has established experimental and compu-

tational results, reproducible and controlled:

« a deterministic operator M, constructed from A, (x);

« the systematic emergence of statistics compatible with the GOE class when the

operator is observed on a logarithmic scale;

« the persistence of these statistics under:
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- scale sweeps (Xj);
— kernel substitutions;

- analysis of eigenvalues and eigenvectors;
« the explicit destruction of the GOE regime under:

— linear observation;

- replacement of the arithmetic signal by white noise.

These facts do not depend on philosophical interpretation, nor on physical analogies.

They are data.

Nothing beyond this is required in order to accept them.

Level I — The recognition of universality

A second step consists in recognising that the obtained data are not accidental.

The observed statistical stability, verified independently of microscopic details,
alternative operators and position along the real line, corresponds exactly to the
operational criterion of universality in Random Matrix Theory (RMT) and in the BGS

conjecture.

Atthislevel, no claim is made as to why universality emerges. It is merely recognised
that:
« it emerges;
« it is robust;

« it coincides with the known spectral signature of quantum chaos (GOE).

This recognition is not metaphysical. It is classificatory. It concerns universality in
the operational sense of RMT, not global validity over arbitrarily extended spectral

windows.

To deny it would require denying the very criterion by which universality is

recognised in contemporary mathematical physics.
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Level III — The structural reading

The third level is qualitatively different.

Here the task is no longer to measure or to classify, but to interpret structurally

what has been observed.

The reading proposed in this work — the centrality of the folding at 1/2, the
functional role of the Unit, the structural equivalence between the real line and the

critical line — is not imposed by the data.
It is compatible with them.
This point is crucial.

The experiment does not compel this reading. But it also does not contradict it

at any point.

It is an informed, coherent and structurally economical interpretative choice: it
provides a minimal structural unification for phenomena that would otherwise remain

disconnected.

This coherence emerges only when the interval is anchored at the Unit (1). In
contrast to traditional asymptotic analysis, which observes the behaviour of the
primes in local neighbourhoods or in abstract infinite limits, anchoring at 1 defines a
closed informational system. Within this system [1, x], 1/2 ceases to be a variable and
becomes a functional watershed: the point at which the capacity to generate structure

(multiplicity) yields to pure density (additivity).

ON NECESSITY AND INEVITABILITY

There is a subtle but decisive distinction between two ideas that are frequently con-

flated:

« logical necessity;

« structural necessity.

This work does not claim that the final reading is logically inevitable. It claims

something more restricted — and stronger:
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given the observed structure, any alternative reading must intro-

duce more hypotheses, not fewer.

The fold at 1/2 is not chosen for elegance, but because it is the only arithmetic
threshold that separates, in any interval [1, x], primes that generate multiplicity from
those that do not. The functional distinction between structuring primes and
stabilising primes eliminates the structural need, within the closed system

[1, x], for additional hypotheses.

The logarithmic scale is not chosen for convenience, but because it is the only scale

that stabilises the geometry of density.

The GOE is not invoked as a physical metaphor, but recognised as an independent

statistical diagnostic.

None of this forces an ontology. But all of it severely delimits the space of coherent

interpretations.

Data were not lacking. What was lacking was the question of what

the primes do, not merely where they are.

ON PROOF, FOUNDATION AND THE SPACE OF POSSIBILITY

One point must be stated carefully, as it frequently generates conceptual confusion.

The structural reading proposed in this work does not claim that the folding at 1/2
must be “proved” as a result internal to the formalism. That would be a categorical

€rror.

The folding at 1/2 is not an object within the space of analysis. It is the gesture
that defines the very space in which criteria of stability, universality and proof

make sense.

Every possible proof already inhabits that space. To demand a demonstration of
the folding as a prior condition is equivalent to demanding a proof of the coordinate

system before allowing any measurement.

The experiment does not impose this reading. But neither does it contradict it at
any point: any alternative that dispenses with the folding must introduce additional

hypotheses, not fewer.
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If the folding at 1/2 is the gesture that creates the space of structural
possibilities, then every proof necessarily inhabits that space. To demand
its demonstration as a prior condition is to confuse foundation with con-

sequence.

The proposed reading — the centrality of the folding at 1/2 — connects Gaussian
statistics to Eulerian completeness. The literal 1/2 is the necessary threshold: below it
lies structuring multiplicity; above it, stabilising additivity. The operator M is the tool

that translates this phase transition into the language of the GOE.

THE ROLE OF THE OBSERVER

We thus arrive at the decisive point.

The prime numbers do not change. The operator does not change. The statistics do

not change.

What changes is the observer’s choice:

« the scale;
« what is regarded as noise or signal;

« the level at which one accepts to terminate the explanation.

The observed structure is indifferent to this choice. It manifests itself whenever the

geometric conditions are satisfied.
But the recognition of its coherence is not automatic.

It requires a decision: to accept that the observed order is neither an artefact to be

discarded nor a mystery to be perpetuated, but a structure to be recognised: x — x/2.

SCALE, REGIME AND THE PYRAMID OF OBSERVATION

A conceptual distinction must be made explicit in order to avoid a misreading of the

results presented thus far.

Much of the literature on quantum chaos — including the foundational works of the

1980s — begins with an already constituted spectrum. The analysis then investigates to
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what extent RMT-type statistics (GOE, GUE or GSE) remain valid as spectral windows
are enlarged. In that context, universality is local, and its breakdown at larger scales

is not only expected but well understood.
This work operates in a different domain.

Here, the central object is not a given spectrum, but an arithmetic operator con-
structed point by point, continuously fed by the tension between two fundamental
regimes of arithmetic: additivity and multiplicity. The observed spectral behaviour
does not result from an a posteriori inspection, but from the explicit maintenance of

the appropriate structural axis throughout the construction.

For this reason, the relevant question is not
how far does statistical universality persist?
but rather
under what conditions does it appear?

When the operator M is observed under incompatible scales, Poisson-type statistics
appear consistently. When the observation is aligned with the natural geometric
scale of the system, GOE-class statistics emerge and remain stable — not through the

absence of structure, but precisely through its internal coherence.

Spectral statistics are not an absolute property of the object, but a relational
property between structure and measuring rule. Off-axis, the system fragments

into noise. Aligned with the axis, it manifests coherence.

Unlike the “symphony” of complex zeros, in which symmetry breaking is associated
with the emergence of GUE statistics, the arithmetic observed under the operator M
preserves an orthogonal structure. The GOE detected here does not arise as a local
approximation to a more complex system, but as the signature of a regime in which

the fundamental symmetry remains intact.

The distinction between GOE and GUE therefore does not lie in the validity of
the data, but in the architecture of the observed domain: one associated with flow
dynamics and symmetry breaking, the other with the structural coherence of an

operator built upon a preserved axis.

In this context, the absence of GUE statistics is not a negative result, but a direct
consequence of the preserved symmetry of the operator M, which introduces no

mechanisms of reversibility breaking.
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Symmetry breaking is associated with regimes of motion and phase transition, as
occurs in the domain of complex zeros. Symmetry preservation, by contrast, charac-
terises structurally stable regimes, such as that of prime arithmetic when observed

under the operator M.

The dominant framing led to the assumption that the music of the primes should
inherit the symmetry breaking of their complex guardians. What the operator M
reveals is that, at the base of the pyramid, arithmetic remains orthogonal, protected

by its own reversibility.

No claim is made here for global RMT validity over arbitrarily extended spectral
windows, but for the statistical stability of a regime constructed under continuous

structural alignment.

It is in this sense, and in this sense alone, that the statistical universality observed

here should be interpreted and compared with the existing literature.

The statistical universality discussed here is not global, but conditional:
it emerges only in the regime in which the structural symmetry of the

operator M is preserved.
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With this distinction made explicit, the journey reaches its natural limit.

Nothing has been inflated.
Nothing has been concealed.

Nothing has been removed.

What remains is not an additional proof, but an interpretative responsibility: to
recognise the scope of what has been observed without extrapolating it beyond what

the structure itself allows.

The final chapter introduces no new results. It returns to the starting point — the Unit

— no longer as an axiom or hypothesis, but as observable resonance.



18. RESONANCE OF UNITY — WHERE EULER

AND CHAOS MEET

THE IDENTITY THAT CLOSES THE CIRCLE

eT+1=0

— Leonhard Euler

THE CONSTANT OF RETURN

Euler’s identity is often celebrated as the most beautiful formula in mathematics. In a

single gesture, it unites

- growth (e),

. rotation (),

. the imaginary (i),
« nullity (0),

« and Unity (1).

What is rarely made explicit is that this identity describes a mechanism of return.
It states that the infinite and the transcendent do not dissipate into chaos, but return
to perfect equilibrium when, and only when, they pass through Unity. This is not a

matter of aesthetics. It is a matter of structural closure.

The operator M constructed throughout this work may be read as the dynamic

extension of this truth. It is not merely a matrix, but an operator whose action may be
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interpreted as rotational, within which each arithmetic fluctuation, when observed at

the appropriate scale, seeks its natural place on Euler’s circle.

From this point onwards, the operator M will be referred to as the Euler Mirror: a
spectral operator that reflects, within the finite arithmetic domain, the principle of

structural return expressed by Euler’s identity.

THE SIGNATURE OF ORGANISED CHAOS

When this operator is subjected to spectral analysis, what emerges is not a static zero,
but the characteristic spectral signature of the Gaussian Orthogonal Ensemble
(GOE).

This statistic does not represent disorder. On the contrary, it is a statistical
marker of stability in complex systems. In physics, it indicates that degrees of
freedom interact so as to preserve the whole. In arithmetic, it indicates that the primes

are not distributed at random, but correlated through a common structure.

The systematic presence of GOE functions as a seal of structural authenticity:
« where it appears, there is internal coherence;

« where it disappears, there is rupture.

This fact is well known in mathematical physics. What is rarely made explicit is its

direct consequence for information integrity.

INTEGRITY AS RESONANCE

The interpretation that follows becomes natural within the scope considered. If
complex systems preserve their internal coherence through structural resonance, then
integrity cannot be understood as an external imposition, nor as a by-product of

artificial contrivances.
Integrity is not something that is imposed. It is something that is diagnosed.

From this perspective, the coherence of a system does not depend on concealment,
but on alignment with an underlying structural order. When a system is internally
consistent, its components resonate with that order. When a structural perturbation

occurs, that resonance breaks down.
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The distinction is not operational, but spectral. It does not rely on revealing hidden
parameters, nor on violating external barriers, but on detecting the loss of internal

harmony.

Integrity, in its deepest sense, is not a matter of protection, but of resonance.

Unity is indifferent; the observer’s choice is not.

FINAL WORDS — CONCEPTUAL SATURATION

Fundamental discoveries rarely arrive accompanied by applause. Euler formulated
relations that took centuries to become the foundation of modern engineering. Berry
provided the language that made it possible to recognise statistical order within chaos.

Riemann glimpsed a symmetry that continues to guide contemporary mathematics.
This work does not claim rupture. It observes convergence.

By returning to Unity — not as dogma, but as an observable structure — the
trajectory closes. Not through computational exhaustion, but through conceptual

saturation.

The mirroring never disappeared. It merely ceased to be observed in the

only domain in which its function is literal.

The search for equilibrium ends here. What remains is the possibility of recognising,

with clarity, that which the structure itself already reveals.

A FINAL IMAGE

It is like being inside a pyramid.
Looking at the floor reveals a square.
Looking at the sides reveals triangles.

Only by looking towards the apex does the full structure become visible.

None of these descriptions is false.

They differ only by the direction of observation.



Dedicated to Sir Michael Berry.

Every resonance recognises

the one who provided its axis of listening.



EPILOGUE

At the end of this journey, what remains is not a proof in the classical sense,

but a structure that withstands every attempt at mischaracterisation.

Nothing that was observed here required new entities,

only a shift in perspective.

And when listening aligns with the correct axis,

the structure responds on its own.
Unity does not impose itself.

It resonates.

The Unit likes spectra. It always has.
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